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Solving Multi-Object Programming Problems by Homotopy
Inner Point Method under Quasi-Normal Cone Condition

He Li, Wang Xiu-yu, Jin Jian-lu, Liu Qing-huai

Abstract—This paper, we discussed a general multi-objective
optimization problem under quasi-normal cone condition.we
prove that for almost every point in the feasible region, a
smooth and bounded homotopy path can be derived and that
the algorithm converges to the K-K-T point of multi-objective
programming problem. Numerical simulation confirmed the
viability of this method.

Index Terms—multi-objective programming;
method; global convergence.

homotopy

[. INTRODUCTION
We consider the following multi-objective programming
problem
min f(x)
sth(x)<0
g(x)=0

(MOPY)

Where xe R",

f=UnL )
h =(h17h2""7h1)r P
g=(g.8,.8,)

are three continuously differentiable functions.

Let Q= {xe R" | g(x)=0,hA(x) <0} be the feasible set,
and Q={xe R"|g(x)=0,h(x) <0} be the strictly feasible
set.

I(x)={ye{l, 2, ...,]}|hy (x) =0} is the active index set,

T
X°y=(x1yp x2y2’ T 'xnyn) B

P
A*={AeR" |2 20,i=1,2,--,p, D A =1},
i=1

P
AT :{AGRP|Z’1' >O= i:1927 s P Zﬂ’, :1}3
i=1

Vf(x)e R™”, Vh(x)e R™, Vg(x)e R™™ .
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Denote the Jacobi matrix of f(x), a(x), g(x), respectively.

P:{1727'.‘7p}9 L:{l’ 29”.9 l}’ M:{lﬂ 27 ”" m}’
e=(, 1, -, 1) e R”.
Instead of (MOP1) problem, we consider an associated

non-convex nonlinear scalar optimization problem as
follows:

min A" f(x)
st h(x)<0
g(x)=0
Ae A"

(£)

Definition 1.1 If (x*,4") is a optimistic solutions of P, ,

then x” is minimal weak efficient solution of (MOP1)[1].
Let x, A be a KKT point of B , Then there

existye R", ze R., £€ R”,and he R, such that

Vi(x)A+Vg(x)y+Vh(x)z=0

S)=g=h-e=0
zoh(x)=0, h(x)<0, z=0
g(x)=0 (LD)

£oA=0 220, £20

1-Y 2 =0

i=1

Therefore, to find a minimal weak efficient solution, we
have to solve problem (1.1).

The homotopy method is an important globally
convergence method. In 1988, Megiddo [2] and Kojima et al.
[3] discovered that the attractive Karmarkar interior point
method for linear programming was a kind of path-following
method. The homotopy method for mathematical
programming has become an active research field. Reference
[4-6] presented a new interior point method—combined
homotopy interior point method (CHIP method) for nonlinear
programming with inequality constrain under a certain
contions. Reference [7-8] enlarged to equality constrain
under cone condition and quasi-normal cone condition.

Recently Z.H.Lin and Z.P.Sheng [9]generalized the CHIP
method to convex multi-objective programming (MOP) with
only inequality constraints. In 2008, W.Song and G.M.Yao
[10] generalized the CHIP method to the general (MOP)
under so-called normal cone condition. In this paper, we
extended the method in ref. [8] to (MOP) By adopting it's
concept of independent positive irrelative, we provided an
quasi-normal cone condition that was weaker than that in ref.
[10] and construct a new combined homotopy mapping
which is much different from that in [10].This paper is
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organized as follows: Section 2 we recall some notations and
preliminaries results. In Section 3, we establish the combined
homotopy equation. The existence and convergence of a
smooth homotopy path from almost any initial point w'” to a
solution of the KKT system of (MOP) are proved. Finally, a
numerical algorithm is given, and a numerical example
shows that this method is feasible and effective in Section 4.

II. PRELELIMINARIES
Definition2.1[8] Suppose that Q is nonempty, there exist
twice continuously differentiable mappig
o :R"—>R", (r=12,---,]) and f:R" — R™. For any
xeQ,
independently irrelative with respect to VAa(x), if
Bx)y+ Y (z,Vh (x)+u,a, (x)=0, ye R",z, 20,u, 20

rel(x)

{B(x),a.(x):reI(x)] is said to be positive

implies that y=0,z, =0,u, =0 (re I(x)).
The following are four assumptions used in the

literature:
(H1) Q is nonempty and bounded;

(H2) Vxe Q and re [0,1] , (Vg(x)+t(B(x)-Vg(x)) is
positive independently irrelative with respect to Vi(x)

(H3) Vxe Q ,we have

{x+ z zo (x)+p(x)y: yeR",z, 20, for re 1(x)}ﬂ§=x

rerte)
(H4) Vxe Q,V g (x) is matrix of full column rank
and V' g (x)f (x) isnonsingular
If we o (x)=Vh(x) ,
B (x) =V g(x),thenitis easy to get Q satisfies the

normal cone condition of [10]; By the converse does not hold,
this can be illustrated by the simple example at the end of this
paper .So enlarge the use value .

Definition 2.2 LetM , N be differential manifolds with
dimN = pand let#: M — N be a differentiable mapping. If

rank(dH (x)/ 0x) = p, Vxe H™'(y), we say that that ye N is
a regular value of H andxe M is a regular point. Given a

choose

curveI'c H™'(y), if everyxe I'is a regular point, then we

say that T is a regular path.
Lemma 2.1 (Parametric Form of the Sard Theorem on a
Manifold with Boundary, see [11]) Let QO and N be

differential manifolds of dimension 4 and p, respectively.
Let M be a m-dimensional differential manifold with
boundary. Suppose that ®:0OxM — N is a C" mapping,
where > max{0,m—p}. If 0e N is a regular value of ®
and J®, then for almost all ae O, 0 is a regular value of
@, =®d(a,-) and 9@ ,where JP, 0P  denote the restriction
of ® and @, to OxdM and dM ,respectively.

Lemma 2.2 (Inverse Image Theorem, See [11,12])
Suppose that M is a m— dimensional C” differential
manifold with boundary, N is a p- dimensional C”

differential manifold, » >1, and ®:M — N isa C" map. If

ae N is a value of & and o® then

either S=®7'(q) is empty or a (m—p) dimensional
submanifold, and 9S = SN oM.

Lemma 2.3 ( classification theorem of one-dimensional
manifold with boundary, see [12] ) Each connected part of a

one-dimensional manifold with boundary is homeomorphic
either to a unit circle or to a unit interval.

regular

III. MAIN RESULTS

Now we construct a homotopy mapping as follows:
H:QXA™ XR" X R x Rx(0,1] — R""+27*!
H(w,w,1)
[ (=0 (0)A+Vh()z +ia(0)2 |+ ]
[Ve(x)+1(B(x)-Vg(x)]y+1(x—x)
A-D)[f(x)=&]-(h—h")-e+t(A-2")

_ zoh(x) =1z o h(x'?)
g(x)
Eo A—tE® o A

=34
i=1

3.1
Let

w= (xs 2’9 y7 Za 59 h) € R”+m+l+2[1+1 B
WO = (0, A0, 10,20, £0 1) e Qx AT xR xR x{0).
When ¢ =1, the homotopy equation (3.1) becomes

Bx)y+x—x9 =0 (3.2a)
~(h=h")-e+(A-2")=0 (3.2b)
zoh(x)=z o h(x?)=0 (3.2¢)
g(x)=0 (3.2d)
Eol-EP0 AV =0 (3.2¢)
1- i/’tl =0 (3.21)

Using assumption (H3) , the equation of (3.2a) and
(3.2d), we have x = x” € Q, By the Assumption (H2) and

P
(32c), we get y=»" =0 and z=z" Since Y 1" =1,

i=1
KO =0, we A=A, E=gO

Thus, the equation H(w,w'”,1)=0 has only

A9 >0, have
h=h =0.
one solution w=w'" .

When =0, H(w,w”,t)=0 turns out to be problem (1.1).
For a given w”, rewrite H(w,w'”,t) as H , (w,1).

The zero-point set of H , is
H];lm (O) = {(W,t) | HWU\) (W, t) = 0} .

Since H(w'"”,w'”,1) =0, we have H , (0)#¢.



International Journal of Modeling and Optimization, Vol. 1, No. 1, April 2011

Lemma 3.1 Let H be defined as (3.1), f,(x)(ie P),

h,(x)(ye L),
differentiable functions, and let the conditions (H1)-(H4)
hold. Then for almost all w'” € Qx A™ x R” x RI*” x {0}, 0 is

a regular value of H(w,w”,¢) , and H, (0) consists of

g,(x)(j€ M) are three times continuously

some smooth curves. Among them, a smooth curve, say Lo
is starting from (w”,1) .

Proof: Denote the Jacobi matrix of H(w,w”,¢)
by H (w,w'”,1).

For any w'” € QXA™ xR"xR}'" x{0} andte (0,1], we

have

oH (w,w'” 1) B
a(x,xm),/%,/1<o>,z<0>,§(0)) -
0(x) —E, A-Vfi(x)y 0 0 0
1-0)V" f(x) 0 te, —E, 0 0
zZVTh(x) OV h(x*) 0 0 —tZ 0
V'g(x) 0 0 0 0 0
0 0 e, -0 0 —tA
0 0 -1 0 0 0
3.3)
Where

O(x)=(1-1) i/wz ﬁ(x)+Zzyvzhy(x)+tZZ§Vay(x)}

i=l r=1

+> (1=0)y, Vg ,(x)+ >y VB.(x)+E,,
J=1 j=1

6 =diag(&"), Z=diag(h(x")),
A=diag(A”), e,=(10,--:0) e R".

oH (w, W, t)/a(x, ¥, 2,240,290, £ is a matrix of full
row rank, because A" >0,(ieP), h(x")<0(yeL) and

Ve(x) are matrices of full column rank. That is, 0 is a
regular value of H(w,w”,t). By the Parameterized Sard
Theorem on smooth manifold,lemma 2.1, for almost all
w” e QXA XR" xR x{0}, 0 is a regular value of

mapping H ,, , By the inverse image theorem lemma
2.2, H;f(,) (0) consists of some smooth curves. Because
H ,,(w”,1)=0, there must be a smooth curvel ,, starting

from (W, 1).
Lemma 3.2 Conditions of Lemma 3.1 are satisfied. For a
given w'” € QxA™ X R" x R x{0}, 0 is a regular value of

H , , then in QXA™XR"XR’xRx(0,1], T , is a

bounded curve.
Proof: From (3.1), it is
T o CQXA™XR"XR" X RX(0,1].

that
If T, 1is an

easy to see

unbounded curve, then there exists a sequence of points
{w,t)} T, such that "(w”‘),tk)"—no. Because

Qx A" andze (0,1] are bounded sets, therefore there exists

a subsequence of point {(w'’,z, )} (for brevity, we will use
k instead of k, in the rest part of this paper) such
A9 5 21eAt, t, »1e[0,1], and

[, 8 )| s k. G

1) From the second.fifth and sixth equality of (3.1), we
have

thatx® > x¥e Q,

A=) )= D ]=nPe+1,(A% -2) =0 (3.5)

5(k) o AW = tkg(()) oﬂ(o)’ 36)

Zp:ﬂ" =1 (3.7)
(1—tk)[(ﬂ(k))Tf(x(k))_tk(éz(O))T//i(O)J

(3.8)

—h® 41, [(/lm)r 20 —(ﬂ"”)@l“”} -0

as k — oo, the first and third parts at the left-hand side of
(3.8) are bounded.thus A is finity, A" — .

2) if [§0) >0, et = fie P|lim &Y = +eo}, from the
fifth equation of (3.1), I, < I,(A) é{ie P/ A= 0} and
I #¢.

For? <1, from (3.5), we have

lim{(1-1,)[ f(*) =W [-hDe+5,(A% -2
=(1-0/)~1-lim&" ~he+1(2-2") =0

So lmé&® = ¢ # oo,

k—oo

Forz =1, from (3.5)and (3.7) we have

—}me[(1—tk)§<k>]—%—/@<°> =0 iel(A) (3.9
—h+(A -2 =0 i¢I(A) (3.10)
1- > 24=0 (3.11)
ie 1, (1)
From (3.10) and (3.11) we have
Ih=1- > A9 >0, I=p-#1,Q) (3.12)

iel, (A)
From (3.9),we notice £ > 0,(1-¢,) > 0,4” >0

Hence

02— lim(1-7,)&" =h+A0>0 ie () (3.13)

It is contradiction with (3.13), thus ||E¥] — e is

impossible.
3) From the first equality of (3.1), we have

(A=t)[V f)AD +V A2 +1,a(x ) P) |+
[Ve(x™)+4,(BG") = Vg™ ) [y® +1, (P =x)=0

(3.14)
Rewrite (3.14) as
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Y A=t 20Vh, () + 1,z 0, (x) ]

yel(¥)
+[ Ve (™) +4,(BG*) = Vg (x*) |y
=(1-1)[= X EPOVA, )+, o, (M)

rel(x)

—Vf(x”‘))/i“‘) J —1, (xm _ x(m)

15)

As k — oo, the right side of (3.15) is bounded, By the

Assumption (H2),we conclude ” y“‘)" — oo is impossible.

So that ¥ — ye R”

4) if |29 e, let 7= {ye L|limz{" = +oo}, from the
third equation of (3.1),that/ c /(X)and I #¢.

For? <1, rewrite (3.14) as

> A=) 2V () +1,(20) 2, (x*) ]

el (x)

+H1=t)[V DA+ Y (VR (D)

yel(X)
+, (21 ) @, XN+ Ve (®) +,(BG™)
_Vg(x(k)))] y(k) +tk (x(k) _X(O)) =0

(3.16)

From z{ —eo,re I(x) and the conditions (H2), as

k — oo, the first part at the left-hand side of (3.16) tends to
infinity, but the second, third and fourth parts are bounded.
This is impossible.
For? =1, rewrite (3.14) as
z (1-1,) I:Z(yk)v}l y(x(k)) +1, (Zik))Z a, (x(k) )}
yel(X)

+[ Ve (™) +4, (B - Vg (x®) |y
+, (X =2 ) = =1 =) [V £ (x*)A®
+ 2 (20Vh () +1,(20 ) e, (x1))]

el (¥)

(3.17)

When k& — oo, that

Z /{ir_g(l_tk)lizi/k)Vh 7(;)+(Z,(~k))2%(;C):|+ﬂ(;);+;_x(0) =0.

el (x)

(3.18)
By the assumptions (H2) and (3.18) we have
lim(1—, )2y =0, lim(1—, Nz = p.rellx), (3.19)

where ;),, >0. Therefore, from (3.18) and (3.19) we get
X+ Y o (0)+Bx)y=x"
rel(x)
which
"z“‘)" — oo is impossible.
From (1), (2), (3)and(4)we conclude that I" , is bounded.

Theorem 3.1 (Convergence of the method). If conditions

contradicts with the conditions(H3), thus

of Lemma 3.1 are satisfied, then (1.1) has at least one solution.

For almost all w'® € QxA™ xR" x R*? x{0}, the zero-point

set H ;(10, (0) of homotopy mapping (3.1) contains a smooth

curve T ,, which starts from (w'”,1). As 71— 0, the limit

set T < QXA XR"XR"™ xRx{0} of T , is nonempty,

and every point in 7 is a solution of (1.1).
Specifically, if the length of T , is finite and (w",0) is

the end point of " ,, , then w" is a solution of (1.1).

Proof. By Lemma 3.1, 0 is a regular value of H , for
almost all w” e QxA™ XR"xR'"x{0} , and H_, (0)
contains a smooth curve I , starting from W D.

By the classification theorem of one-dimensional smooth
manifold, I, is diffeomorphic to a unit circle or the unit

interval (0, 1]. Noticing that

oH ,, (w,1)
ow =0
t=1

E, 0 Bk 0 0 0

0 E, 0 0 0 -e
B zZOVTa(x) 0 0 Z 0 0
D Vigx®@) o0 0 0 0 0

0 o 0 0 A O

0 —e’ 0 0o 0 O

is nonsingular, we know that l"wm, is not diffeomorphic to
a unit circle. That is, T" , is diffeomorphic to (0, 1].

Let (w,¢) be a limit point of T ,, as £ —0. Only the
following three cases are possible:

(i) (w,7)e QXA™ XR" XRI'"" X Rx{1};

(i) (w,7)€ I(QXA" XR" X R'" )X Rx(0,1];

(iii) (w,7)€ QXA"XR" X R*? X Rx {0} .

Because the equation H , (w,1)=0 has only one

solution (w”,1)e Qx A" X R" X R"*” x Rx {1}, the case (i) is

impossible. In case (ii), there must exist a sequence
of(w*,4,)e T, such thath (x*’) =0 for some 1<y </.
From the third equality of (3.1), we have "z(k )" — oo, which

contradicts Lemma 3.2.

As a conclusion, (iii) is the only possible case, and hence,
w is a solution of (1.1).

Remark3.1. By Theorem 3.1, for almost all
w” e QXA XR" X R*? X R , the homotopy (3.1) generates
a smooth curve I' . We call ', as the homotopy path.
Tracing numerically T ,, from (w®,1)until 7 — 0, one can
find a solution of (1.1). Let s be the arclength of " , .\We
can parameterize I" ,, with respect to s.That is, there exist

continuously differentiable functions w(s),#(s) , such that

]_IWKO) (W(S)a I(S)) =0,
H0) =1, w(0) =

(3.20)
(3.21)

Differentiating (3.20), we obtain the following theorem.
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Theorem 3.2 The homotopy path T, is deter-mined by

the following initial value problem to the ordinary
differential equation

OH (w(s), w”,t(s)) [ W(s) -0
A(w, 1) i(s) )
(s, i(s)| =1, w(0)=w*, #(0)=1.

(3.22)

And the w component of the solution point of (3.20), for
t(s") =0, is the solution of (1.1).

IV. TRACING THE HOMOTOPY PATH
Use In this section, we discuss how to trace numerically
the homotopy path T A standard procedure is the

(0) *
predictor-corrector method [13], which uses an explicit
difference scheme for solving numerically and a simple
numerical example is given.

Algorithm 4.1 (MOP)'s Euler-Newton method).

Step 0: Give an initial point

W, D) e QxA™ xR"xR? x Rx{1}.

An initial step-length ¢ >0 and three small positive
numbers £, &, &, letk:=0

Step 1: Compute the directionp®’ of predictor step:

(a) Compute a unit tangent vector {© e RU""++20+2) of
r, at

(b) Determine the directionz®’ of the predictor step.

DH (@™ ,1,)

If the sign of the determinant is

é‘(k)T

(_1)”1”‘1 , thenzy® = ¢®

DH (@ ,1,)

If the sign of the determinant is

;(k)r

(_1)ml+q+1 ’ then

N =4, g =sign|-Vg(x")B(x")|.

Step 2: Compute a corrector point ( ™" ¢, ).

—w -
(0 ,ti)=Ca™,t)+dn",
—(k) - —(k) - —(k

(0"t )=(@ ,t:)-DH (@ ,tx) H(®

where

) -
atk)’

DH ,,(@,t)" = DH ,(@,t)" (DH ,(@,0)DH ,,(@,1)")"'

is the Moore—Penrose inverse of Dme)( ,1).

I (0" ,t,,)
Step 3: If "wa)( @*.1,,)
Step 3.

If o, (0 )

|<ég, letd,, =min{d,,2d,}, go to

|€ (€,&,)> letd,, =d,, go to

2¢,, let g =max {225010,%@},

go to Step 2.

Step 3: If W' e QXA"XR"XR"xR and 1, >¢,, let

k=k+1,goto Step 1.
If W e QxA"XR" xR xR

U

and t, <—&, let

d, =d, , go to Step 2 and re-compute (0"t i1)

Ly =l

for the initial point (@™ ,7,) .

If W g QXA*XR"XR™ xR, let ; %% goto
‘ 24—ty
Step 2 and re-compute (a)(k+1),tk ,;) for the initial point

(5
(07,1,).
If " e QxA"XR"XR" xR and ¢, < ¢, , then stop.

Remark4.1 In Algorithm 4.1, the arclength parameter s is
not computed explicitly. The tangent vector at a point on
I ,, hastwo opposite directions, one ( the positive direction )

[2)

makes s increase, and another ( the negative direction )
makes s decrease, The negative direction will lead us back
to the initial point, so we must go along the positive direction.
The criterion in Step 1 (b) of Algorithm 4.1 that determines
the positive direction is based on a basic theory of homotopy
method [14], that is, the positive direction 77 at any point

(o, 1) on l_‘w(m keeps the sign of the determinant

DH ,, (@,t)

T

n

proposition.

invariant. We have the following

Proposition 4.1 If l"w(o) is a smooth curve of H (0)’1(0).
Then the direction 5 of the predicted step at the initial point
(@,1) satisfies

(0)
DHW«» (a)0 ,1) 3

. ml+q

sign o =(-1)"""..
Proof: From
DH , ()", 1)=
[ E 0 A 0 0 0 a |

0 E, 0 00 — b
ZOVTR(?) 0 0 Z 0 0 —z%hx?))
Vigx™) 0 0 00 0 0

0 6 0 0 A 0 —£220
0 - 0 00 0 0o |
:(Ml Mz)

where
a=— ﬂ(O)Vf( x(O) ) _ Z(O)Vh( x(O)) _ 0(( x(O) )(Z(O) )2 ,
B=—f")-E”

+14+m+2 p+D)x(n+l+m+2 p+1 +l4+m+2 p+1)x1
MIGR(” m+2 p+1)X(n+l+m+2p ),MZGR(n m+2 p+1)

>

M  is nonsingular and M, # 0.the unit tangent vector

O of L o at (0 ,1) satisfies
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(0)

4
(0)
2

(n+l+m+2p+1)  #©
€R ., €R.

(Ml Mz) =0,

(0)

¢
(0) (0)

pefine ¢ = (4" ¢

we have

)", by a simple computation,

(0) (0)

;1 = _Ml_leélz )
M | =~ e TAT Tz, ()" |-V g () A"

=1 j=1

Hence
Dme)(w(O)al) _ M, M, . M, M, Fo
§<o>’ - 1<0>T 2<0>T - _MzTMfT 1172
— Ml M2 é’O
0 1+MIM"M'M,|?

=|M\|A+ MMM M) {)

Because 4, >0,(i€ P),z,20,(je L) and by the
definition of the direction of the predictor step, 772(0) < 0and
A+MIMM'M)>0
sign|M| = (=1)" "
g =sign|-V"g(x") B(x")|
So
DH , (0, 1)

ml+
n(O)T (_1) ! .

sign

In the following, we have tested the homotopy method by a
simple numerical simulation.
Example3.1 f,hand g are defined as in Problem(P1),and

wesetn=2,p=2,1=2m=1,

min £ (x) = x7
fr(x)=x;
h(x)=—x,-6<0
st< h(x)=x,-6<0
g(x)=x-x-3=0
It is easy to see that the assumption (4, ) of reference[9]is
not satisfied in Q . Let o, (x)=Vh (x),(r=1,2) and
B(x)=(10,0)". It is easily verified that Q satisfies the
assumption (H,)—(H,).
Let

(. x") = (7.0,2.0), (4", 47) = (0.5,0.5)

(z",2%) = (1.0,1.0),
y=0,0 =00, (5.£5")=(2.0,1.0),

The numerical results of x*,A°,z", y*,h*,f “are listed

in Table I.
TABLE I. NUMERICAL SIMULATION RESULTS OF EXAMPLE 4.1

(3.0000, 0.0001)
Z* f* h*
(0.0001, 0.0001) (9.0000, 0.0000) 0.0000

(0.0000,1.0000) 0.0003
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