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Abstract—This paper, we discussed a general multi-objective 

optimization problem under quasi-normal cone condition.we 
prove that for almost every point in the feasible region, a 
smooth and bounded homotopy path can be derived and that 
the algorithm converges to the K-K-T point of multi-objective 
programming problem. Numerical simulation confirmed the 
viability of this method. 
 

Index Terms—multi-objective programming; homotopy 
method; global convergence.  
 

I. INTRODUCTION 
We consider the following multi-objective programming 

problem 

min ( )
( 1) s.t ( ) 0 

( ) 0

f x
MOP h x

g x

⎧
⎪ ≤⎨
⎪ =⎩  

Where nx R∈ ， 

1 2( , , , )T
pf f f f= " ， 

1 2( , , , )T
lh h h h= " , 

1 2( , , , )T
mg g g g= "  

 are three continuously differentiable functions.  
Let { | ( ) 0, ( ) 0}nx R g x h xΩ = ∈ = ≤ be the feasible set, 

and { | ( ) 0, ( ) 0}nx R g x h xΩ = ∈ = < be the strictly feasible 
set. 

{ }( ) {1,  2,  , } ( ) 0I x l h xγγ= ∈ ="  is the active index set,  

1 1 2 2( ,  ,  ,  )T
n nx y x y x y x y=D " , 

}
1

{ | 0,  1, 2, , ,  1
p

P
i i

i
R i pλ λ λ+

=

Λ = ∈ ≥ = =∑" , 

1
{ | 0,  1,2,  ,  ,  1}

p
P

i i
i

R i pλ λ λ++

=

Λ = ∈ > = =∑" , 

( ) ,n pf x R ×∇ ∈ ( ) ,n lh x R ×∇ ∈ ( ) n mg x R ×∇ ∈  .  

 
Manuscript received October 9, 2010. This work was supported by the 

NNSF(10771020) of China and National, the NNSF(20101597) of Jilin 
province.   

He Li is with the Changchun University of Technology, Changchun 
130012, P. R. China (e-mail: heli_xu@yahoo.com.cn).  

Wang Xiu-yu is with the Changchun University of Technology, 
Changchun 130012, P. R. China (e-mail: wangxiuyu@mail.ccut.edu.cn) 

Jin Jian-lu is with. the Changchun University of Technology, Changchun 
130012, P. R. China (e-mail: Jinjianlu@mail.ccut.edu.cn) 

Liu Qing-huai is with the Changchun University of Technology, 
Changchun 130012, P. R. China (Corresponding author, Phone: 
+86-13394492005, e-mail: liuqh6195@126.com). 

Denote the Jacobi matrix of ( ), ( ), ( )f x h x g x , respectively. 

{1, 2, , },P p= "  {1,  2, ,  },L l= "  {1,  2,  ,  },M m= "  
(1,  1,  ,  1) .T pe R= ∈"  

Instead of (MOP1) problem, we consider an associated 
non-convex nonlinear scalar optimization problem as 
follows: 

2

min ( )
s.t  ( ) 0

( )      
( ) 0

T f x
h x

P
g x

λ

λ +

⎧
⎪ ≤⎪
⎨

=⎪
⎪ ∈ Λ⎩

 

Definition 1.1  If ( , )x λ∗ ∗ is a optimistic solutions of 2P ，

then x∗ is minimal weak efficient solution of (MOP1)[1]． 
Let ,  x λ  be a KKT point of 2P , Then there 

exist ,  ,  ,m l py R z R Rξ+ +∈ ∈ ∈ and h R∈ , such that 

1

( ) ( ) ( ) 0
( ) 0

( ) 0,   ( ) 0,   0
( ) 0

0  0,   0

1 0
p

i
i

f x g x y h x z
f x h e

z h x h x z
g x

λ
ξ

ξ λ λ ξ

λ
=

∇ + ∇ + ∇ =⎧
⎪ − − ⋅ =⎪
⎪ = ≤ ≥
⎪ =⎨
⎪ = ≥ ≥⎪
⎪

− =⎪
⎩

∑

D

D
                (1.1) 

Therefore, to find a minimal weak efficient solution, we 
have to solve problem (1.1). 

The homotopy method is an important globally 
convergence method. In 1988, Megiddo [2] and Kojima et al. 
[3] discovered that the attractive Karmarkar interior point 
method for linear programming was a kind of path-following 
method. The homotopy method for mathematical 
programming has become an active research field. Reference 
[4-6] presented a new interior point method—combined 
homotopy interior point method (CHIP method) for nonlinear 
programming with inequality constrain under a certain 
contions. Reference [7-8] enlarged to equality constrain 
under cone condition and quasi-normal cone condition. 

Recently Z.H.Lin and Z.P.Sheng [9]generalized the CHIP 
method to convex multi-objective programming (MOP) with 
only inequality constraints. In 2008, W.Song and G.M.Yao 
[10] generalized the CHIP method to the general (MOP) 
under so-called normal cone condition. In this paper, we 
extended the method in ref. [8] to (MOP) By adopting it's 
concept of independent positive irrelative, we provided an 
quasi-normal cone condition that was weaker than that in ref. 
[10] and construct a new combined homotopy mapping 
which is much different from that in [10].This paper is 
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organized as follows: Section 2 we recall some notations and 
preliminaries results. In Section 3, we establish the combined 
homotopy equation. The existence and convergence of a 
smooth homotopy path  from almost any initial point 0w（ ）to a 
solution of the KKT system of (MOP) are proved. Finally, a 
numerical algorithm is given, and a numerical example 
shows that this method is feasible and effective in Section 4. 

 

II. PRELELIMINARIES 
Definition2.1[8] Suppose that Ω is nonempty,  there exist 

twice continuously differentiable mappig 
: ,n n

r R Rα → ( 1, 2, , )r l= " and : .n n mR Rβ ×→ For any 

,x ∈ Ω  { }( ), ( ) : ( )rx x r I xβ α ∈  is said to be positive 
independently irrelative with respect to ( )h x∇ , if 

( )
( ) ( ( ) ( )) 0,  y R , 0, 0m

r r r r r r
r I x

x y z h x u x z uβ α
∈

+ ∇ + = ∈ ≥ ≥∑   

implies that y 0, 0, 0  ( ( ))r rz u r I x= = = ∈ . 
The following are four assumptions used in the 

literature: 
(H1) Ω  is nonempty and bounded; 
(H2) x∀ ∈ Ω and [ ]0,1t ∈ , ( ( ) ( ( ) ( ) )g x t x g xβ∇ + − ∇  is 

positive independently irrelative with respect to ( )h x∇  

(H3) x∀ ∈ Ω ,we have 

( )

( ) ( ) :  y R , 0,  ( )m
r r r

r I x

x z x x y z for r I x xα β
∈

+ + ∈ ≥ ∈ Ω =
⎧ ⎫
⎨ ⎬
⎩ ⎭

∑ ∩

      (H4) x∀ ∈ Ω , ( )g x∇ is matrix of full column rank 
and ( ) ( )T g x xβ∇ is nonsingular 

 If we choose ( ) ( )x h xα = ∇ , 
( ) ( )x g xβ = ∇ , then it is easy to get Ω satisfies the 

normal cone condition of [10]; By the converse  does not hold, 
this can be illustrated by the simple example at the end of this 
paper .So enlarge the use value . 

Definition 2.2 Let M , N be differential manifolds with 
dim N p= and let :H M N→ be a differentiable mapping. If 

rank( ( ) / ) ,H x x p∂ ∂ = 1( ),x H y−∀ ∈ we say that that y N∈  is 
a regular value of H  and x M∈ is a regular point. Given a 
curve 1( ),H y−Γ ⊂  if every x∈Γ is a regular point, then we 
say that Γ  is a regular path. 

Lemma 2.1 (Parametric Form of the Sard Theorem on a 
Manifold with Boundary, see [11]) Let Q  and N  be 
differential manifolds of dimension q  and p , respectively. 
Let M be a m-dimensional differential manifold with 
boundary. Suppose that :Q M NΦ × → is a rC mapping, 
where { }max 0, .r m p> −  If 0 N∈  is a regular value of Φ  

and ,∂Φ then for almost all ,a Q∈  0  is a regular value of 
( , )a aΦ = Φ ⋅  and ,a∂Φ where ,∂Φ a∂Φ denote the restriction 

of Φ  and aΦ  to Q M×∂  and ,M∂ respectively. 
Lemma 2.2 (Inverse Image Theorem, See [11,12]) 

Suppose that M  is a m −  dimensional rC differential 
manifold with boundary, N is a p − dimensional rC  
differential manifold, 1,r ≥  and : M NΦ →  is a rC  map. If 

a N∈  is a regular value of Φ  and ∂Φ then 
either 1( )S a−= Φ is empty or a ( )m p− dimensional 
submanifold, and .S S M∂ = ∂∩  

Lemma 2.3 ( classification theorem of one-dimensional 
manifold with boundary, see [12] ) Each connected part of a 
one-dimensional manifold with boundary is homeomorphic 
either to a unit circle or to a unit interval. 

 

III. MAIN RESULTS 
Now we construct a homotopy mapping as follows: 

( ] 2 1: 0,1m l p n m l pH R R R R++ + + + + +
++Ω× Λ × × × × →

[ ]
[ ]

(0)

2

(0)

(0) (0)

(0) (0)

(0) (0)

1

( , , )

(1 ) ( ) ( ) ( )

( ) ( ( ) ( )) ( )
(1 ) ( ) ( ) ( )

( ) ( )
( )

1

0

p

i
i

H w w t

t f x h x z t x z

g x t x g x y t x x
t f x h h e t

z h x tz h x
g x
t

λ α

β
ξ λ λ

ξ λ ξ λ

λ
=

⎡ ⎤⎡ ⎤− ∇ + ∇ + +⎣ ⎦⎢ ⎥
⎢ ⎥∇ + − ∇ + −
⎢ ⎥

− − − − ⋅ + −⎢ ⎥
⎢ ⎥−= ⎢ ⎥
⎢ ⎥
⎢ ⎥−⎢ ⎥
⎢ ⎥

−⎢ ⎥
⎣ ⎦

=

∑

D D

D D

  

                                                                (3.1) 
Let 

2 1( , , , , , ) ,n m l pw x y z h Rλ ξ + + + += ∈  

{ }(0) (0) (0) (0) (0) (0) (0)( , , , , , ) 0 .m l pw x y z h R Rλ ξ ++ +
++= ∈Ω×Λ × × ×  

When 1t = , the homotopy equation (3.1) becomes 

(0)

(0) (0)

(0) (0)

(0) (0)

( ) 0                     (3.2a)
( ) ( ) 0        (3.2 )

( ) ( ) 0            (3.2 )
          ( ) 0                           (3.2 )
   0                

x y x x
h h e b

z h x z h x c
g x d

β
λ λ

ξ λ ξ λ

+ − =
− − ⋅ + − =

− =
=

− =

D D

D D

1

(3.2 )

        1 0                       (3.2 )
p

i
i

e

fλ
=

⎧
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪

− =⎪
⎩

∑

 

Using assumption (H3) , the  equation of (3.2a) and 
(3.2d) , we have (0) ,x x= ∈ Ω By the Assumption (H2) and 

(3.2c), we get  (0) 0y y= =  and (0)z z= .Since (0)

1

1,
p

i
i

λ
=

=∑  

 (0) 0,λ > (0) 0,h = we have (0) ,λ λ= (0) ,ξ ξ=  
(0) 0h h= = ． Thus, the equation (0)( , ,1) 0H w w =  has only 

one solution 0w w= （ ）. 
When 0,t =  (0)( , , ) 0H w w t = turns out to be problem (1.1). 

For a given 0 ,w（ ） rewrite (0)( , , )H w w t  as (0) ( , ).
w

H w t  

The zero-point set of (0)w
H  is  

(0) (0)
1 (0) {( , ) | ( , ) 0}

w w
H w t H w t− = = . 

Since (0) (0)( , , ) 0H w w t = , we have (0)
1 (0)

w
H φ− ≠ . 
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Lemma 3.1 Let H  be defined as (3.1), ( )( )if x i P∈ , 
( )( )h x Lγ γ ∈ , ( )( )jg x j M∈ are three times continuously 

differentiable functions, and let the conditions (H1)-(H4) 
hold. Then for almost all (0) {0}m l pw R R++ +

++∈ Ω× Λ × × × , 0 is 
a regular value of (0)( , , )H w w t , and (0)

1 (0)
w

H −  consists of 

some smooth curves. Among them, a smooth curve, say 0w
Γ （ ）, 

is starting from (0)( ,1)w .  
Proof: Denote the Jacobi matrix of (0)( , , )H w w t  

by ' (0)( , , ).H w w t   

For any (0) {0}m l pw R R++ +
++∈ Ω× Λ × × ×  and ( ]0,1t ∈ , we 

have  
(0)

(0) (0) (0) (0)
1

1

(0) (0)

1

( , , )
( , , , , , )

( ) (1 ) ( ) 0 0 0
(1 ) ( ) 0 0 0

( ) ( ) 0 0 0
( ) 0 0 0 0 0

0 0 0
0 0 1 0 0 0

n
T

p p
T T

T

p

H w w t
x x z

Q x tE t f x
t f x te tE

z h x tz h x tZ
g x

e t t

λ λ ξ

ξ θ

∂ =
∂

− − ∇⎛ ⎞
⎜ ⎟− ∇ −⎜ ⎟
⎜ ⎟∇ − ∇ −
⎜ ⎟

∇⎜ ⎟
⎜ ⎟− − Λ
⎜ ⎟⎜ ⎟−⎝ ⎠

 

                                                                                         (3.3) 

Where 

2 2 2

1 1 1

2

1 1

( ) (1 ) ( ) ( ) ( )

(1 ) ( ) ( ) ,

p l l

i i r
i r

m m

j j j j n
j j

Q x t f x z h x t z x

t y g x y x tE

γγ γ
γ

λ α

β

= = =

= =

⎡ ⎤
= − ∇ + ∇ + ∇⎢ ⎥

⎣ ⎦

+ − ∇ + ∇ +

∑ ∑ ∑

∑ ∑
 

(0)diag( )θ ξ= , (0)diag( ( )),Z h x=  
(0)diag( )λΛ= , (1,0, ,0) .T p

pe R= ∈"  

(0) (0) (0) (0) (0)
1( , , ) ( , , , , , )H w w t x x zλ λ ξ∂ ∂  is a matrix of full 

row rank, because (0) 0,( ),i i Pλ > ∈   (0)( ) 0,( )h x Lγ γ< ∈  and 
( )g x∇  are matrices of full column rank. That is, 0 is a 

regular value of (0)( , , )H w w t . By the Parameterized Sard 
Theorem on smooth manifold,lemma 2.1, for almost all 

(0) {0},m l pw R R++ +
++∈ Ω× Λ × × × 0 is a regular value of 

mapping (0)w
H ， By the inverse image theorem lemma 

2.2, (0)
1 (0)

w
H −  consists of some smooth curves. Because 

(0)
(0)( ,1) 0,

w
H w =  there must be a smooth curve (0)w

Γ  starting 

from (0)( ,1).w  
Lemma 3.2  Conditions of Lemma 3.1 are satisfied. For a 

given (0) {0},m l pw R R++ +
++∈ Ω× Λ × × ×  0 is a regular value of 

( 0)w
H , then in (0,1]m l pR R R++ +

++Ω× Λ × × × × , (0)w
Γ  is a 

bounded curve. 
Proof: From (3.1), it is easy to see that 
(0) (0,1].m l p

w
R R R++ +

++Γ ⊂ Ω× Λ × × × ×  If (0)w
Γ is an 

unbounded curve, then there exists a sequence of points 
(0)

( ){( , )}k
k w

w t ⊂ Γ such that ( )( , ) .k
kw t → ∞  Because 

++Ω× Λ and (0,1]t ∈  are bounded sets, therefore there exists 

a subsequence of point ( ){( , )}i

i

k
kw t (for brevity, we will use 

k  instead of ik  in the rest part of this paper) such 

that ( )kx x→ ∈ Ω ， ( )kλ λ +→ ∈ Λ ， [0,1]kt t→ ∈ ，and  

( )( ) ( ) ( ) ( ), , ,k k k ky z hξ → ∞ , as k → ∞ .          (3.4) 

1) From the second.fifth and sixth equality of (3.1), we 
have 

 ( ) ( ) ( ) ( ) (0)(1 ) ( ) ( ) 0k k k k
k kt f x h e tξ λ λ⎡ ⎤− − − + − =⎣ ⎦  (3.5)                   

                    ( ) ( ) (0) (0) ,   k k
ktξ λ ξ λ=D D                      (3.6) 

                            
1

1
p

i
i

λ
=

=∑                                     (3.7) 

So      
( ) ( ) (0) (0)

( ) ( ) ( ) ( ) (0)

(1 ) ( ) ( ) ( )

( ) ( ) 0

k T k T
k k

k k T k k T
k

t f x t

h t

λ ξ λ

λ λ λ λ

⎡ ⎤− −⎣ ⎦
⎡ ⎤− + − =⎣ ⎦

            (3.8) 

as ,k → ∞ the first and third parts at the left-hand side of 

(3.8) are bounded.thus ( )kh is finity, ( )kh h→  . 
2) if ( ) ,kξ → ∞   let ( )

1 { lim },k
ik

I i P ξ
→∞

= ∈ = +∞  from the 

fifth equation of  (3.1), { }1 1( ) / 0iI I i Pλ λ⊂ ∈ =� and 

1I φ≠ . 
For 1t < ，from (3.5), we have 

{ }( ) ( ) ( ) ( ) (0)

( ) (0)

lim (1 ) ( ) ( )

(1 ) ( ) (1 ) lim ( ) 0

k k k k
k kk

k

k

t f x h e t

t f x t he t

ξ λ λ

ξ λ λ
→∞

→∞

⎡ ⎤− − − + −⎣ ⎦

= − − − − + − =
 

   So  ( )lim ,k

k
ξ ξ

→∞
= ≠ ∞  

 For 1t = ，from (3.5) and (3.7)   we have    

   ( ) (0)
1lim (1 ) 0   ( )k

k i ik
t h i Iξ λ λ

→∞
⎡ ⎤− − − − = ∈⎣ ⎦          (3.9)                  

      (0)
1( ) 0   ( )i ih i Iλ λ λ− + − = ∉                      (3.10) 

             
1 ( )

 1 0i
i I λ

λ
∉

− =∑                             (3.11) 

  From (3.10) and (3.11)  we have  

      
1

(0)
1

( )

1 0,    # ( )i
i I

lh l p I
λ

λ λ
∉

= − > = −∑              (3.12) 

  From (3.9),we notice ( ) (0)0, (1 ) 0, 0k
i k itξ λ> − > >   

  Hence 

 ( ) (0)
10 lim(1 ) >0   ( )k

k i ik
t h i Iξ λ λ

→∞
≥ − − = + ∈      (3.13) 

It is contradiction with (3.13), thus ( )kξ → ∞ is 

impossible. 
3) From the first equality of (3.1), we have 

[ ( ) ( ) ( ) ( ) ( ) ( ) 2

( ) ( ) ( ) ( ) ( ) (0)

(1 ) ( ) ( ) ( )( )

( ) ( ( ) ( )) ( ) 0

k k k k k k
k k

k k k k k
k k

t f x h x z t x z

g x t x g x y t x x

λ α

β

⎤− ∇ + ∇ + +⎦
⎡ ⎤∇ + − ∇ + − =⎣ ⎦

 

          (3.14) 

Rewrite (3.14) as  



International Journal of Modeling and Optimization, Vol. 1, No. 1, April 2011 
 

4 
 

 

[

( ) ( ) ( ) 2 ( )

( )

( ) ( ) ( ) ( )

( ) ( ) ( ) 2 ( )

( )

( ) ( ) ( ) (0)

(1 ) ( ) ( ) ( )

( ) ( ( ) ( ))

(1 ) ( ( ) ( ) ( ))

( ) ( )

k k k k
k k r r

I x

k k k k
k

k k k k
k k r r

I x

k k k
k

t z h x t z x

g x t x g x y

t z h x t z x

f x t x x

γ γ
γ

γ γ
γ

α

β

α

λ

∈

∉

⎡ ⎤− ∇ +⎣ ⎦

⎡ ⎤+ ∇ + − ∇⎣ ⎦
= − − ∇ +

⎤−∇ − −⎦

∑

∑
  (3.15) 

As ,k → ∞  the right side of (3.15) is bounded, By the 
Assumption (H2),we conclude ( )ky → ∞ is impossible. 

So that ( )k my y R→ ∈  

4) if ( ) ,kz → ∞  let ( ){ lim },k

k
I L zγγ

→∞
= ∈ = +∞  from the 

third equation of  (3.1), that ( )I I x⊂ and I φ≠ . 
For 1t < ，rewrite (3.14) as   

[

]
]

( ) ( ) ( ) 2 ( )

( )

( ) ( ) ( ) ( )

( )

( ) 2 ( ) ( ) ( )

( ) ( ) ( ) (0)

(1 ) ( ) ( ) ( )

(1 ) ( ) ( ( )

( ) ( ) ) ( ) ( ( )

( ) ) ( ) 0

k k k k
k k r r

I x

k k k k
k

I x

k k k k
k r r k

k k k
k

t z h x t z x

t f x z h x

t z x g x t x

g x y t x x

γ γ
γ

γ γ
γ

α

λ

α β

∈

∉

⎡ ⎤− ∇ +⎣ ⎦

+ − ∇ + ∇

⎡+ + ∇ +⎣
−∇ + − =

∑

∑
      (3.16)                     

From ( ) , ( )kz r I xγ → ∞ ∈  and the conditions (H2), as 
,k → ∞  the first part at the left-hand side of (3.16) tends to  

infinity, but the second, third and fourth parts are bounded. 
This is impossible. 

For 1t = ，rewrite (3.14) as         

[
]

( ) ( ) ( ) 2 ( )

( )

( ) ( ) ( ) ( )

( ) (0) ( ) ( )

( ) ( ) ( ) 2 ( )

( )

(1 ) ( ) ( ) ( )

( ) ( ( ) ( ))

( ) (1 ) ( )

( ( ) ( ) ( ) )

k k k k
k k r r

I x

k k k k
k

k k k
k k

k k k k
k r r

I x

t z h x t z x

g x t x g x y

t x x t f x

z h x t z x

γ γ
γ

γ γ
γ

α

β

λ

α

∈

∉

⎡ ⎤− ∇ +⎣ ⎦

⎡ ⎤+ ∇ + − ∇⎣ ⎦
+ − = − − ∇

+ ∇ +

∑

∑

    (3.17) 

When k → ∞ ,  that  

( ) ( ) 2 (0)

( )
lim(1 ) ( ) ( ) ( ) ( ) 0k k

k r rkI x
t z h x z x x y x xγ γ

γ
α β

→∞∈

⎡ ⎤− ∇ + + + − =⎣ ⎦∑ . 

   (3.18) 

By the assumptions (H2) and (3.18) we have  
( )lim(1 ) 0,k

kk
t zγ→∞

− = ( ) 2lim(1 )( ) , ( )k
rkk

t z r I xγ ρ
→∞

− = ∈ ,      (3.19) 

where 0.rρ ≥ Therefore, from (3.18) and (3.19) we get  

(0)

( )
( ) ( )r r

r I x
x x x y xρ α β

∈

+ + =∑  

which contradicts with the conditions(H3), thus  
( )kz → ∞ is impossible. 

From (1), (2), (3)and(4)we conclude that (0)w
Γ  is bounded. 

Theorem 3.1 (Convergence of the method). If conditions 
of Lemma 3.1 are satisfied, then (1.1) has at least one solution. 
For almost all (0) {0},m l pw R R++ +

++∈ Ω× Λ × × × the zero-point 
set (0)

1 (0)
w

H −  of homotopy mapping (3.1) contains a smooth 

curve (0)w
Γ ,which starts from 0 ,1w（ ）（ ）. As 0t → , the limit 

set {0}m l pT R R R+ +
+⊂ Ω× Λ × × × × of (0)w

Γ  is nonempty, 

and every point in T  is a solution of (1.1). 
Specifically, if the length of (0)w

Γ  is finite and ( ,0)w∗  is 

the end point of (0)w
Γ , then w∗  is a solution of (1.1). 

Proof. By Lemma 3.1, 0 is a regular value of (0)w
H for 

almost all (0) {0}m l pw R R++ +
++∈ Ω× Λ × × × , and (0)

1 (0)
w

H −  

contains a smooth curve (0)w
Γ starting from 0 1w（ ）（ ，）. 

By the classification theorem of one-dimensional smooth 
manifold, (0)w

Γ  is diffeomorphic to a unit circle or the unit 

interval (0, 1]. Noticing that 

( 0 )

( 0 )

1

(0 )

(0 ) (0 )

(0 )

( , )

0 ( ) 0 0 0
0 0 0 0

( ) 0 0 0 0
( ) 0 0 0 0 0
0 0 0 0
0 0 0 0 0

w

w w
t

n

p
T

T

T

H w t
w

E x
E e

z h x Z
g x

e

β

θ

=
=

∂
∂

⎛ ⎞
⎜ ⎟−⎜ ⎟
⎜ ⎟∇

= ⎜ ⎟
∇⎜ ⎟

⎜ ⎟Λ⎜ ⎟⎜ ⎟−⎝ ⎠

 

is nonsingular, we know that (0)w
Γ  is not diffeomorphic to 

a unit circle. That is, (0)w
Γ  is diffeomorphic to (0, 1].  

Let ( , )w t  be a limit point of (0)w
Γ as 0t → . Only the 

following three cases are possible:  
(i) ( , ) {1};m l pw t R R R++ +

++∈ Ω× Λ × × × ×  

(ii) ]( , ) ( ) (0,1 ;m l pw t R R R+ +
+∈ ∂ Ω× Λ × × × ×   

(iii) ( , ) {0}m l pw t R R R+ +
+∈ Ω× Λ × × × × . 

Because the equation (0) ( ,1) 0
w

H w = has only one 

solution 0( ,1) {1},m l pw R R R++ +
++∈ Ω× Λ × × × ×（ ）  the case (i) is 

impossible. In case (ii), there must exist a sequence 
of (0)

( )( , )k
k w

w t ∈ Γ such that ( )( ) 0kh xγ →  for some 1 lγ≤ ≤ . 

From the third equality of (3.1), we have ( )kz → ∞ , which 

contradicts Lemma 3.2. 
As a conclusion, (iii) is the only possible case, and hence, 

w  is a solution of (1.1).  
Remark3.1. By Theorem 3.1, for almost all 
0 m l pw R R R++ +

++∈ Ω× Λ × × ×（ ） , the homotopy (3.1) generates 
a smooth curve (0)w

Γ . We call (0)w
Γ  as the homotopy path. 

Tracing numerically (0)w
Γ  from (0)( ,1)w until 0,t → one can 

find a solution of (1.1). Let s  be the arclength of (0)w
Γ .We 

can parameterize (0)w
Γ  with respect to s .That is, there exist 

continuously differentiable functions ( ), ( )w s t s , such that  

(0) ( ( ), ( )) 0,  
w

H w s t s =                       (3.20) 
(0)(0) 1,  (0) .t w w= =                        (3.21) 

Differentiating (3.20), we obtain the following theorem. 
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Theorem 3.2  The homotopy path (0)w
Γ  is deter-mined by 

the following initial value problem to the ordinary 
differential equation 

(0)

(0)

( )( ( ), , ( )) 0
( )( , )

( ), ( ) 1,  (0) ,   (0) 1.

w sH w s w t s
t sw t

w s t s w w t

⎛ ⎞∂ =⎜ ⎟∂ ⎝ ⎠
= = =

       (3.22) 

And the w component of the solution point of (3.20), for 
( ) 0t s∗ = , is the solution of (1.1).  

 

IV. TRACING THE HOMOTOPY PATH  
Use In this section, we discuss how to trace numerically 

the homotopy path ( 0 ) .ωΓ A standard procedure is the 

predictor-corrector method [13], which uses an explicit 
difference scheme for solving numerically  and a simple 
numerical example is given. 

Algorithm 4.1 (MOP)'s Euler-Newton method).  
Step 0: Give an initial point 

{ }(0)( ,1) 1 .m l pw R R R++ +
++∈Ω×Λ × × × ×  

An initial step-length 0 0d > and three small positive 
numbers 1,ε 2 ,ε 3.ε  let : 0k =  

Step 1: Compute the direction (kη ）of predictor step:  
(a) Compute a unit tangent vector ( 2 2)k n m l pRζ + + + +∈（ ） of 

( 0)ωΓ  at  

(b) Determine the direction (kη ）of the predictor step.  

If the sign of the determinant 
0 ( , )

T

k
k

k

DH tω ω

ζ
（ ）

（ ）

（ ）
 is 

( )1 ml q+− , then k kη ζ=（ ） （ ）  

If the sign of the determinant 
0 ( , )

T

k
k

k

DH tω ω

ζ
（ ）

（ ）

（ ）
 is 

( ) 11 ml q+ +− , then 

k kη ζ= −（ ） （ ） , 0 0sign ( ) ( )Tq g x xβ= −∇ . 

Step 2: Compute a corrector point ( 1)
1, ).k

ktω +
+（  

( ) ( ) ( ), ) , ) ,
k k k

k k kt t dω ω η= +（ （   

( 0)

( ) ( ) ( )( 1)
1, ) , ) , ) , )

k k kk
k k kkt t DH t H tωω ω ω ω+ +

+ = −（ （ （ （ , 

where 

 (0) (0 ) ( 0 ) ( 0 )
1, ) , ) ( , ) , ) )T TDH t DH t DH t DH tω ω ω ωω ω ω ω+ −=（ （ （ （   

is the Moore–Penrose inverse of ( 0) , ).DH tω ω（  

If 
( 0 )

1)
1 1, )k

kH t
ω

ω ε+
+ ≤（（ , let { }1 0min , 2k kd d d+ = , go to 

Step 3: If 
( 0)

1)
1 1 2, ) ( , )k

kH tω ω ε ε+
+ ∈（（ , let 1k kd d+ = , go to 

Step 3. 

If
(0)

1)
1 2, ) ,k

kH tω ω ε+
+ ≥（（ let 25

1 0
1max 2 , ,
2k kd d d−

+
⎧ ⎫= ⎨ ⎬
⎩ ⎭

 

go to Step 2. 

Step 3: If ( 1)k m l pw R R R+ + +
+∈Ω×Λ × × × and 1 3 ,kt ε+ >  let 

1k k= + , go to Step 1. 
If ( 1)k m l pw R R R+ + +

+∈Ω×Λ × × ×  and 1 3 ,kt ε+ < − let 

1

: ,k
k k

k k

td d
t t +

=
−

 go to Step 2 and re-compute 1
1( , )k

ktω +
+

（ ）  

for the initial point  ( , )k
ktω（ ） . 

If ( 1)k m l pw R R R+ + +
+∉Ω×Λ × × × , let 

1

:
2

k k
k

k k

d td
t t +

=
−

, go to 

Step 2 and re-compute 1
1( , )k

ktω +
+

（ ）  for the initial point 

( , )k
ktω（ ） . 

If ( 1)k m l pw R R R+ + +
+∈Ω×Λ × × ×  and 1 3kt ε+ ≤ , then stop. 

Remark4.1 In Algorithm 4.1, the arclength parameter s is 
not computed explicitly. The  tangent vector at a point on 

( 0)ωΓ  has two opposite directions, one ( the positive direction ) 

makes s increase, and another ( the negative direction ) 
makes s  decrease, The negative direction will  lead us back 
to the initial point, so we must go along the positive direction. 
The criterion in Step  1 (b) of Algorithm 4.1 that determines 
the positive direction is based on a basic theory of  homotopy  
method  [14], that is, the positive  direction η  at  any  point 

( , )ω μ  on (0)ωΓ  keeps  the  sign  of  the determinant  

0 ( , )
T

DH t
ω

ω
η
（ ）

invariant. We have the following 

proposition. 
Proposition 4.1 If (0)ωΓ is a smooth curve of ( 0)

1(0)Hω
− . 

Then the direction (0)η  of the predicted step at the initial point 
0( ,1)ω（ ）  satisfies 

( )0
0

0

( ,1)
sign 1T

ml qDHω ω

η
+= −

（ ）

（ ）

（ ）
.. 

Proof: From  

( )

0
(0)

(0)

(0) (0) (0) (0)

(0)

(0) (0)

1 2

( ,1)

0 ( ) 0 0 0
0 0 0 0

( ) 0 0 0 0 ( )
( ) 0 0 0 0 0 0
0 0 0 0
0 0 0 0 0 0

n

p
T

T

T

DH

E x a
E e b

z h x Z z h x
g x

e

M M

ω ω

β

θ ξ λ

=

⎡ ⎤
⎢ ⎥−⎢ ⎥
⎢ ⎥∇ −
⎢ ⎥

∇⎢ ⎥
⎢ ⎥Λ −
⎢ ⎥

−⎢ ⎥⎣ ⎦
=

D

D

（ ）

, 

where  
(0) (0) (0) (0) (0) (0) 2( ) ( ) ( )( ) ,a f x z h x x zλ α=− ∇ − ∇ −  

(0) (0)( ) ,f xβ ξ= − −  
( 2 1) ( 2 1) ( 2 1) 1

1 2,n l m p n l m p n l m pM R M R+ + + + × + + + + + + + + ×∈ ∈ , 

1M is nonsingular and 2 0.M ≠ the unit tangent vector 
(0)ζ  of (0)ωΓ at 0( ,1)ω（ ）  satisfies 
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(0)

(0)

1
1 2

2

( ) 0M M
ζ

ζ

⎛ ⎞
⎜ ⎟ =
⎜ ⎟
⎝ ⎠

, 

(0) (0)( 2 1)
1 2,n l m pR Rζ ζ+ + + +∈ ∈ . 

Define 
(0) (0) (0)

1 2( , )Tζ ζ ζ≡ , by a simple computation, 
we have 

( 0) ( 0)1
1 1 2 2 ,M Mζ ζ−= −  

0 0
1

1 1
( 1) ( ) ( )

p l
T ml T

i j
i j

M e e z g x xλ β
= =

= − − −∇Π Π . 

Hence   

0
0

1 2 1 2 0
20 00

2 11 2

1 2 0
21

2 1 1 2

1 0
1 2 1 1 2 2

( ,1)
1

0 1

1

T TT T T

T T

T T

M MDH M M
M M

M M
M M M M

M M M M M

ω ω
ζ

ζ ζζ

ζ

ζ

−

− −

− −

= =
−

=
+

= +

（ ）

（ ）

（ ）

（ ） （ ）（ ）

（ ）

 

Because 0, ( ), 0, ( )i ji P z j Lλ ≥ ∈ ≥ ∈ and by the 

definition of the direction of the predictor step, 
( 0)

2 0η < and  

1
2 1 1 21 T TM M M M− −+ >（ ） 0  

( ) 1
1sign 1 ml qM + += −  

0 0sign ( ) ( )Tq g x xβ= −∇  

So 

( )0
0

0

( ,1)
sign 1T

ml qDHω ω

η
+= −

（ ）

（ ）

（ ）
. 

In the following, we have tested the homotopy method by a 
simple numerical simulation. 

Example3.1 ,f h and g are defined as in Problem(P1),and 
we set 2, 2, 2, 1n p l m= = = = ,  

2
1 1

2
2 2

1 2

2 2
2

1 2

min ( )  

      ( )   
( ) 6 0

s.t ( ) 6 0
( ) 3 0

f x x

f x x
h x x
h x x

g x x x

=

=
= − − ≤⎧

⎪ = − ≤⎨
⎪ = − − =⎩

 

It is easy to see that the assumption 3( )A of reference[9]is 

not satisfied in Ω . Let ( ) ( ), ( 1, 2)r rx h x rα = ∇ = and 

( ) (10,0) .Txβ = It is easily verified that Ω satisfies the 
assumption 1 4( ) ( )H H− .  

Let 
(0) (0)
1 2( , ) (7.0,2.0)x x = , (0) (0)

1 2( , ) (0.5,0.5)λ λ =  

(0) (0)
1 2( , ) (1.0,1.0)z z = , 

(0) 0, 0y = (0) 0.0,h = (0) (0)
1 2( , ) (2.0,1.0)ξ ξ = , 

 The numerical results of , , , , ,x z y hλ ξ∗ ∗ ∗ ∗ ∗ ∗ are listed 
in Table I. 

TABLE I.  NUMERICAL SIMULATION RESULTS OF EXAMPLE 4.1 

x∗ λ∗
 y∗

(3.0000, 0.0001) (0.0000,1.0000) 0.0003 

z∗  ξ ∗
 h∗

（0.0001，0.0001） (9.0000, 0.0000) 0.0000 

REFERENCES 
[1] C.Y. Lin, J. L. Dong, Multi-objective optimization theory and method, 

[M], Changchun, Jilin teaching publishment, 1992.  
[2] N. Megiddo, Pathways to the optimal set in linear programming, in       

Progress in Mathematical Programming, Interior Point and Related 
Methods, (N. Megiddo, Ed.),  Springer, New York, 1988, pp. 131-158. 

[3] M. Kojima, S. Mizuno, A. Yoshise, A primal-dual interior point 
algorithm for linear programming, in Progress in Mathematical 
Programming, Interior Point and Related Methods (N. Megiddo, Ed.), 
Springer, New York, 1988, pp. 29-47. 

[4] Z. H. Lin, B. Yu and G. C. Feng , A combined homotopy interior 
method for convex nonlinear programming, Appl. Math. Comput. 
84(1997), 93-211. 

[5] Q. H. Liu,  B. Yu,   G. C. Feng, An interior point path-following   
method for nonconvex programming with quasi normal cone            
condition, Advances in Mathematics, 29(2000), 281-282.    

[6]  B.Yu, Q. H. Liu, G. C. Feng, A combined homotopy interior point 
method for nonconvex programming with pseudo cone condition, 
Northeast. Math. J., 16(2000), 383-386. 

[7]  Z. H. Lin, Y. Li, and B. Yu, A combined homotopy interior point 
method for general nonlinear programming problems,Appl. Math. 
Comput, 80(1996), 209–224 . 

[8] M. L.SU, X.R.LU, Solving a Class of  Nonlinear Programming 
Problems via a Homotopy Continuation  Method,Northeast. Math. J., 
24(2008), 265-274. 

[9] Z. H. Lin, D. L. Zhu, Z. P. Sheng, Finding a minimal efficient solution 
of a convex multiobjective program. J. Optim. Theory Appl. 118(2003), 
587-600. 

[10] W. Song, G. M. Yao, Homotopy method for a general multiobjective 
programming problem. J. Optim. Theory Apply, 138(2008), 139–153. 

[11]  Zhang, Z.S.: Introduction to Differential Topology. Beijing University       
Press, Beijing (2002) (in Chinese)  

[12] Naber, G.L.: Topological Methods in Euclidean Spaces. Cambridge 
University Press, London (1980) 

[13] E. L. Allgower and K. Georg, Numerical continuation methods: An 
Introduction, Springer-Verlag, Berlin, New York,1990. 

[14] C. B. Garcia, W. I. Zangwill, Pathways to Solutions, Fixed Points and 
Equilibria, Prentice-Hall, New Jersey, 1981 

 
 
 
He Li was born in 1970. She received her B.S. degree in mathematics in 
2003 from the Northeast Normal University, Changchun, P. R. China. 
In 2002, she joined the Changchun University of Technology. Her studies 
mainly focused on the optimization theory and applications. 
 
Dong Xiao-gang was born in 1961. He is currently a professor of 
mathematics in Changchun University of Technology. His research interests 
lie in the field of multi-element analysis and applications. 
 
Tan Jia-wei was born in 1979.  He is now a lecture in Changchun University 
of Technology, his major research fields are optimization theory and 
algorithm. 
 
Liu Qing-huai was born in 1961. He is currently a professor of mathematics 
in Changchun University of Technology.  His research interests lie in the 
fields of optimization theory, algorithm and application.. 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.01)
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


