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Nonlinear Model for Micro-Launcher Attitude Control

Teodor-Viorel Chelaru

Abstract—The paper presents aspects regarding six degree of
freedom (6DOF) model used for attitude control of the
three-stage micro-launcher (ML) with a payload of up to 50 kg.
This work uses two separate attitude control models dedicated
for different flight phases. In the ascending phases, we will
control the attitude angles related to the start frame, and in
injection phases, we will control the attitude angles related to
the geographical frame. The results analyzed will be the flight
parameters in longitudinal, in lateral, and in roll movement.
Using this model, the attitude control of the launcher can be
evaluated. The novelty of the paper consists in alternative
attitude angles used for control and in description of guidance
signal.

Index Terms—Mathematical model, micro-launcher, attitude
control, guidance signal

I. INTRODUCTION

The present work is a continuation of the paper [1] where,
using three degree of freedom (3DOF) model, based on
translational equation, the ascending phase of the
micro-launcher (ML) was optimized and performance for
Low Earth Orbit was evaluated. The present work proposes
to develop the ML model adding the equations of the
movement around center of mass (dynamic and kinematic)
and the equations of the aerodynamic angles to obtain a six
degree of freedom (6DOF) model. From the beginning, we
must emphasize that the issue of launcher control is
particularly important because, unlike rocket with fins, the
launcher is naturally unstable, which leads to the
impossibility of motion assessment without the loop control
of the vehicle's attitude. The attitude control of ML can be
separate in two problems. First consist in choosing the right
frames to express the attitude angles and define desired
angles in these frames. The second problems consist in
obtaining a robust controller, which ensures pursuit of the
desired angles by the accomplished angles. In the dedicated
works, this problem has been addressed in different ways. In
the classical work [2], the translational equations are written
in quasi-velocity frame and in start frame, and the kinematic
rotational equations are written in relation to the start frame,
but attitude control problem does not be approached. In the
recent work [3], the translational equations are written in
Earth frame known as Earth-centered inertial (ECI) frame.
The kinematic rotational equations are written also in relation
to ECI frame, which complicates the description of the
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guidance commands. Work [4] is dedicated to solve the
second problem of the launcher control and to obtain a robust
controller using u synthesis technique. In relation to

nonlinear motion equations, the problem in this work is
formulated in annex A in the body frame. The work is
focused on linear form of motion equation, in particular the
longitudinal plane. A practical approach is propose in work
[5], where the main phases of ascension are defined, which
then would help us with the 3DOF model approach of this
paper [1]. Work [6], dedicated to reentry vehicle, proposed
the use of no inertial geographical frame for express attitude
of the vehicle, an idea that we will develop in this paper for
the orbital injection phases. The present work intends to seek
an answer for first formulated control problem, to choose the
right frames with desired angles, and to obtain a preliminary
solution for ML control. Summarizing, this present work
evaluated the attitude of the launcher using two reference
frames and 6DOF calculus model. In ascending fazes, we will
use the attitude angles in order (3-2-1) in relation to the start
frame, which allow us to consider nullifying the yaw angle,
and the link matrix without singularity for vertical position of
the ML. In contrast, for injection phases, we will use attitude
angle in order (2-3-1) in relation to the geographical frame,
which allow to transpose easily the desired attitude angle
from the orbital frame to the body frame. As for the
translational equations, although we have shown in works [7],
[8] that it is possible to work in the linked start frame, the
present work used the equations in quasi-velocity frame to
obtain a 6DOF model compatible with the developed 3DOF
model and to use the previously obtained results, especially
regarding the optimization of the ascending phases. Because
one of the basic ideas for a micro-launcher is simplicity and
low cost and because the avionics and related software are the
most expensive, the main purpose of the paper is to get a
simple attitude control system based on tracking the desired
attitude angles. Although the problem of the evolution of the
launchers is not a very new one, with the exception of the
Earth frame (ECI), which is the same, the rest of the reference
systems used are different for each author or group of authors,
which is why we recommend work [9] where the frames used
are defined.

1. LAUNCHER MOTION EQUATIONS

Because the translational equations were presented in
paper [1], in 3DOF model, we will briefly review the
translational equations and focus on rotational equations.

A. Translational Dynamic Equations in Quasi-Velocity
Frame

Summarizing the papers [1], [9] to obtain the translational
equation in quasi-velocity frame, we start from vector
equation:
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ﬂ+9{", ><V=E+g+ac,
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where we have grouped aerodynamic force with thrust
force, N=F+T . g is the gravity acceleration vector

obtained from the so-called “J2” model [1], [2], with radial

g, and polar g, components, and a_ is Coriolis acceleration.

The rotational velocity of the quasi-velocity frame in relation
the local frame €, can be express in vector form:

Q =7+ +o+ )
with the components along quasi-velocity frame:
o, = A(cospcos y cosy +sin psin y) +
@sin ycosy + ysiny
@}, = A(~cospcosysiny +sinpcosy)—  (3)

@sin ysiny + ycosy
@' = Acospsin y —@cosy +y

Starting from relation (1), we have obtained in paper [1]
the dynamic translational equation that describes the motion
of center of mass of the launcher in quasi-velocity frame.

B. Translational Kinematic Equations in Spherical
Coordinates

The dynamic equations are
translational kinematic equations:

complemented  with

V sin ycosy ‘R =Vsiny.

'—!cos cosy ;A=—
? R it Rcose

(4)

which describe the position of center of the mass in
spherical coordinates.
C. Dynamic Rotational Equations in Body Frame

Next, we will write the rotation equation in the body frame.
Because the body frame is not inertial frame, applying the
moment theorem, we obtain:

Q=J"(H+U)+JIAJQ 5)
where H:[LA M*# NA]

_hT T T
and U= [L M N ] is the thrust moment.
In relation (5), we used the anti-symmetric rotation matrix:

is the aerodynamic moment

0 -r q
A=l r 0 -pj (6)
-9 p O
and the inertial moment matrix:
A 0 O
J={0 B O )
0 0 C
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where the inertial moments are given by:
A=J'(y2 +2%)dm;

B:.[(22+x2)dm;
C=[(x*+y*)dm

©)

If we have an axial symmetric configuration, as it is in the
ML, the transverse moments are equal (C=B), and the
dynamic rotational equations become:

3
_[1_2

j Pq-
D. Aerodynamic Terms

Taking into account the launcher geometrical symmetry,
the polynomial form of the aerodynamic coefficients
indicated in the works [10], [11] [12] is:

L'+, ,_MT+MAJr

A B )

NT+N*
B

Cl=a +a,(a’+p*)+a(a’ +p*)+
+a,a” % +a, (o — Yoo):
Cf =-ba-b,a® -b,f’a—b,f;
CzA = blﬁ+b2,6’3 +b30!2,3+b4€1;
Cl=c +c,(a’+pY)ap+c,p+ (10)
+C5(aq — fF);
C’=d,f+d,p° +d,pa’+d,q;
CA=da+d,a® +d,af” +d,F,

where the aerodynamic angles a,ﬂ will be obtained later

using differential equations. Using reference force and
moment defined by standard [13], we obtain aerodynamic
forces and moments:

XA =FCM YA=FC); 2" =F,C};

10
L*=H,C?; MA=H,C"; N* =H,C>. o

E. Thrust Terms
Considering that the roll command o, is given by separate

reaction control system (RCS) and pitch J,,, and yaw &,

commands are given through the angular deflection of
themain rocket motor by TVC. The thrust components
according [9], [14] are given by:

X" =T cosd,,€osd, ;

11

YT =-Tcoss,sing,; Z' =Tsing, 4y
with moment command given by:

L' =T, d6; MT =—xZ" =—x,Tsing,; (12)
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NT =xY" =—xTcoss,sind,

F. Rotational Kinematic Equations

The kinematic equations complete the dynamic equations,
allowing obtaining a first-order ordinary differential equation
system.

1) Euler kinematic equation in start frame

If we want to obtain Euler angles for rotation from start
frame to body frame, we will use the kinematic Euler
equations:

b v o] =wlp a T
where the rotation velocity components of the body frame

[p q r]T are the solution of dynamic rotation equation
(5), and the link matrix is given by:

(13)

1 singtany cosgtany
W, =0 COS¢ —sin ¢
0 singsecy cosgsecy

(14)

One can observe that, due a rotation order (3-2-1) and
orientation of the start frame, the link matrix \W, has no
singularity for vertical position of the ML.

2) Euler kinematic equation in geographical frame

In order to obtain Euler angles between geographical
frame and the body frame, we must take in consideration that
the geographical frame is a non-inertial one.

Considering the vector expression:

Q=0 +Q,. (15)

where Q = [p q r]T is rotation of the body frame in
relation to inertial frame, define by components in body
frame, and Qg5 = [pb d, rb]T is rotation on the body
frame in relation to geographical frame defined by
components in body frame and €, =|p, (, rg]T is

rotation of the geographical frame in relation to inertial frame,
defined by components in geographical frame.

In this case, matrix expression of the angular velocity of
the body frame related to geographical frame is given by:

P| [P Pg
O |=|a|-Ag| dq (16)
I, r I‘g

where [p q r]T are the solution of dynamic rotation
equation (5), and the rotation matrix A in order (2-3-1) is
given by relation :

Cy,Co, sd, —sy,co,
Ag =[Sy Sd, —Cy sO,chd,  cOCh  Cy S +Sw SO.Cq, |
Sy,CP, +Cy SO, S, —COSP, Cy Ch —Sy SO,54,
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where ¢ =c0S; s =sin and the components of the rotation
of the geographical frame are given by:

p, | |4 cose
q, |=| Asing an
r, —¢
with:
A =A+Q,. (18)

The derivatives A, as derivatives of latitude and

longitude angles along geographical frame were previously
defined by relations (4) for translational equations.
In this case, we can write kinematic Euler equations:

[¢29 W, ég]TZWG[pb Ay rb]T’ (19)

where the rotation velocity components of the body frame
[pb d, rb]T related to geographical frame are
previously defined by (16), and the link matrix is given by:

1 -—cosg,tg6, sing, tgo,
W, =|0 cosg,secd, -—sing secd, |, (20)
0 sin ¢, Cosg,

One can observe that, due the rotation order (2-3-1) and the
orientation of the geographical frame, the link matrix W

has singularity for vertical position of the ML. For this reason,
we use Euler angles relatively to start frame in ascending
phases and Euler angles relatively to geographical frame in
injection phases. The equations (19) that express attitude in
geographical frame are equivalent to the equations (13) that
express attitude in the start frame and theoretically can be
analytically written in relations that link that two groups of
angles. But, the cod robustness, in 6DOF model, will be used
to solve simultaneously both groups of equations, and in
different flight phases, the cod robustness will be used
alternatively for the control, which is one of the groups of
angles.

G. The Aerodynamic Angles

From the previous relation, we can observe that, in order to
obtain the components of the aerodynamic and thrust force in
quasi-velocity frame, we need the aerodynamic angles

a,ﬂ* and 4 . To get them in the form of differential
relationships, we can start from vector relation:

Q=Q, +p+p +a+Q, (21)
Projecting along axis of body frame result:
p 0 o, + 1 0 Q,
A=A @ |+A s B [+ 0+ Q0| (22
r o, 0 al |Q,
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where: signal), U, (pitch angular deflection signal), and Uz, (yaw
Q cosgp angular deflection signal). Using signal commands, resuming
PP . paper [10], [15], [9] we obtain the guidance commands:
Q, [=Q,A|sing |. (23) _
O 0 A. Ascending Phases

pr In these phases, the guidance commands are based on

i . . attitude angles related to the start frame having the form:
where A\ is the rotation matrix in order (3-2-1) from start

frame to body frame [9], A .. 'is rotation matrix from Uy =, =Up +U, SNy,

u. =-U cosg—Uu,singcosy —u, —u,—u ; 27
quasi-velocity frame to the body frame [9], and Aaﬁ* is m y COSP—=U, SIN HCOSY —Ug ~U; —Uyy; - (27)

rotation matrix from the aerodynamic frame to the body Uy =U, SIN$—U, COSPCOSY —U, —U, — Uy,

frame [9].
Replacing the rotation matrices where we get the following
system of differential equations:

with the relative parameters:

0=0-0,y=y—-y,, ¢=0-¢, (28)

) ., CoOsa , Sina . _ ) )
H=DP i -~ — During this phase, a coasting sequence may occur, when
cosf cosf the thrust is stopped and launcher has ballistic evolution. In
(a); sin u— a): COSy)tan ﬂ* this case, only roll control is ensured by RCS. Switching from

,b"* — p'sina+q" coSa — @, COSu— one phase to the other, the desired angles &, ¥, values can
" (24)  be considered as flight parameters in the ascending evolution

and can be the subject of a parametric optimization. The end
a=—p"cosatan ﬂ* +q*sina tan ﬁ* iris of the ascending evolution is considered when we reached the
flight parameters (velocity, position, attitude) that allow the

start of orbital injection maneuvers.

w, sin u

« Sin « COS
Ho_ - COSH

“n Cos B "cosp
B. Injection Phases

with rotation velocity along body axis: In these phases, guidance commands are based on attitude

D =p-Q. q =q-O angles related to the geographical frame having the form:

pp’ *:r_Qpr' (25)

i r
pq .
U =-u,-u,+u,sing,;

where the components of the rotation velocity in the body ) )
frame P,d, T result from dynamic equation around center  Um =—U, COS@; COSO; —U,SIN @ —U, —U; —Ug; (29)

of mass (5), and components of the angular velocity in u,=u, sin ¢g COSHQ -u, cos¢5g —u, —Uu, —Uy,
quasi-velocity frame co,*, a);,, a): are given by relation (3). _ )

The translational equations, from [1] as 3DOF model, with theLeIatlve parameiers. ~
together with rotational equations (9) and (13) or (9) and (19) 0=0,-0,,y=y,—vy ¢=¢,—¢ (30)
with auxiliary relations (24) describe uncontrolled movement '
of the launcher, grouped in the so-called 6DOF model. As we where the reference values are 8,; w4 @, .

said in the introduction, because the launcher is unstable, the
system cannot be integrated in this form, and it is necessary to
add the control loop that will be the subject of the next item.

As shown in paper [1] for the orbital injection, the optimal
maneuvers can be obtained from Gauss perturbing equations

[16]. Defining &, which is the angular deflection of the
thrust vector, relative to the perpendicular direction on I in
I1l. RELATIONS FOR GUIDANCE AND CONTROL the orbit plane and &5 , which is the angular deflection of the

In order to obtain the guidance command for ML, we start  thrust vector outside the orbit plane, we have obtained:
with the simple forms of the command signals:

u, =k{g: u,=k0 ;u, =k!7:
u,=k’p;u,=kiq;u =k'r 51:arctan[esiny/];5220. (31)
p u q u r u (26) éf
uazklf‘a;uﬂzkfﬂ

u&:kf‘”é‘n u&n:kf“é‘m

1) Optimal maneuver for increase major semiaxis:

2) Optimal maneuver for decrease eccentricity:

5 = arctan[egsml//) ;0, =0. (32)

with the significance u, (roll signal), u, (pitch signal), s

u, (yaw signal), U, (incidence signal), U, (sideslip

313
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3) Optimal maneuver for increase/decrease orbit
inclination:

7T
51=0;5z=i5 (33)
where e is the eccentricity, i is the eccentric anomaly,
¢?=1-¢”,and f =1-ecosy .
Taking into account that through a simple rotation along
Yo axis with air-path track angle y we can overlap orbital

frame with the geographical frame, we can impose optimal
pitch and yaw command for injection in circular orbit:

Oy =0y; g = 0,008y (34)
where:

8, =—ks(i-i)

with 1 (orbital inclination angle) and 1, (desired inclination

(35)

angle).

For guidance, command application is necessary to know
the gain constants introduced by relations (26) when we
expressed the command signals in simple form. These values
will be specified in the next item.

In order to obtain angular deflection for TVC and an
equivalent roll command, considering the system delay, we
define the actuator equation system in scalar form:

. o u

é‘l ___|+_|;
Ty Ty

. 1) u

Op =——+—-; (36)
Tom  Tom

Sn __i u_n'
Tom  Tsn

where the gains are included in the command signals (26).
The time constants for the relation (36) will be specified in
the next item.

V. INPUT DATA FOR ML MODEL

The input data used are taken from paper [1]. In Fig. 1, we
have P/L (payload) and ST (stage). All sizes are in meters.

P/L
L

ST3

512

12

ST1

) m—t

Fig. 1. ML configuration [1].
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In Fig. 2, mass (m), center of mass (xcm), inertial moments
(A,B), and stage operating parameter (itr) in time were
presented.

itr

50
xem [m]
A [tm2]
B [tm2]

'l TR BN

40

)

ST

30

B [tm2]

20

itr, m [t], xem [m], A [tm2]

10

||||||||||||\||TI

100 200

[=]

400 500

Fig. 2 Mass characteristics.

From Fig. 2, due to the model hypothesis, we can observe a
linear variation of the mass characteristics between
characteristic points.

In Fig. 3, thrust (T) and stage operating parameter (itr) in
time were presented.

ST

Coasting 2

sting 1

itr
T [kN]

itr

PR e o Y s SR
200 300 400 500
tfs]

Dill\\

100

Fig. 3. Thrust characteristics.

From Fig. 3, we can observe the irregularly of the thrust
force for the first two stages due to geometry of the solid
propellant. In contrast, the thrust force for the third stage is
constant, due to liquid rocket motor.

The gain values used in command signals from relation (26)
are:

k? =10.; k? =80.;k? =800.; k? =20.;
kd=60.;k} =60.;
k¢ =20.; k# =20.;k" =5. k" =5.
The time constants for the relation (36) are:

Ty =T =75 =0.1
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- Orbital injection N
[ Decrease of eccentricity’]
6 -1 6
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[ Gravity Tum ]
41 -14
- Coasting 2 i
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3 =13
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1F 41
o 1 . 1 . .

0 400 0
tfs]

Fig. 4. Operation of the stages and guidance phases.

VI. TEST CASE DESCRIPTION

As test case, we choose a polar orbit, with the following
initial conditions: geographical orientation, azimuth angle

w, =90° (to the North); geocentric latitude, ¢ = 0°
(equatorial latitude); altitude, ho =1m ; initial velocity,
Vo =1[m/s]; and initial pitch angle, 8, =90° . Payload

mass is MPL=50[kg]. Regarding flight parameters as can

be seen in Fig. 4, we have two sequences of flight events: the
first is link on stage operation and the second on guidance
phases. Typical for three-stage launcher, from the point of
view of stage operations, we have the functionality of three
rocket engines separated by two coasting duration. The first
coasting, between the first stage and second stage, has a small
duration necessary for stage separation. The second coasting
between the second and third stages has a significant duration
in order to increase altitude and ensure better functionality of
the third stage with liquid engine. Regarding guidance phases,
we have two groups: first for ascending flight and second for
orbital injection. Ascending flight starts with a vertical
evolution, is followed by inclination manoeuver to an
imposed pitch angle, continues with an evolution with
constant pitch angle, and is finalized by gravity turn
evolution. Orbital injection contains two phases: first for
increase of major semiaxis and second for decrease of
eccentricity. The flight parameters were the subject of
optimization for 3DOF model, being described in paper [1].

For the end time of vertical flight t, = 2S and the end time

of the inclination decrease t, =TS corresponding to the

minimal value of performance index defined in paper [1], we
obtained the following: duration of inclination flight with

constant pitch angle Al =10 [S] ; coasting duration between
the second and third stage, A, =91.7[S]; increasing major
semiaxis duration on the third stage A, =172.9[s]; and
pitch imposed for the first inclination &, =58° .These

parameters lead to a circular polar orbit with the altitude
h, =496[km] and inclination i =80°. The test case

315

defined is summarized in Fig. 4.
Using these parameters, we obtain a circular orbit. The
flight parameters are described in the next item.

VII. RESULTS

Fig. 5 shows the pitch thrust deflection angle (dn), the
climb angle (ga) and pitch angle (Ted (desired) and Te
(accomplished)), and incidence angle (alfa). Guidance phase
(ic) was also represented. One can observe that thrust
deflection angle (dn), except in the initial phases, is generally
null, with some fluctuations when the ML changes the
guidance phase. The pitch accomplished angle follows the
pitch desired angle, and the climb angle is close to the pitch
angle. The incidence angle is small except for the second
phase when ML tilts to the desired pitch angle and during the
sixth phase (circularization).

Orbital injection
Decrease of

:i- EN
Orbitalinjection E
TR Inm'easlem:fmajo( semi-axjs E 58
1 45
T oo, Jas
S [ @ criyum ic E
T 50 ) —&— galess  J° B
R 2 Te [deg] 13535
) ——— Ted[deg] 3 ¢
= | alfafdeg] 1,. T
< 0f dnfde] 377 &
: ¥
L 415
i 3

- LAV BT | B B B B

0 100 200 300 400 500
t[s]

Fig. 5. Longitudinal motion parameters.

Fig. 6 shows the yaw thrust deflection angle (dm), the yaw
angle (psd (desired) and ps (accomplished)), the glissade
angle (beta), the air-path track angle (hi), the orbit inclination
(inc), and guidance phase (ic). We can observe that similar
longitudinal motion in the yaw thrust deflection is generally
null, except for the beginning of the fifth phase when the
injection phases begin. The yaw accomplished angle (ps)
follows the yaw desired angle (psd), which finally assures the
desired orbit inclination (ic). The glissade angle has
significant values only in injection phases.

g0 Orbital injection E
70 3

Gravity tum
60 E

40

INT1 FRTRY PR RRRTY RUTA I
S = M oW ok o @ =

ic

dm [deg]
ps [deg] E
psd [deg]
beta [deg] E
hi [deg] 3

inc [deg] }f

30

ic, dm [deg]

20

psi, beta, hi, Inc [deg]

]

,#jﬁ

‘
Uh b koA

DIIIIQ
1

M e i B
100 200
t[s]

Fig. 6. Lateral motion parameters.

Fig. 7 shows the roll velocity (p), roll angle (fi), equivalent
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