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Analytical Modeling of an 1N Isotope Separation
Column by Second-Order Quasi-Linear Equations with
Two Independent Variables

Sas D., Clitan I., Unguresan M-L., Muresan, V.

Abstract—The presented process is an isotope separation
column for 3N, which represents a space propagation process
modeled by the proposed method. Cohen's equation was
approached by a second-order differential equation in relation
to time t and also second-order in relation to the spatial variable
s. This second order partial derivative equation was developed
at an initial stage for which the variables Fop(t) and Fys(s)
have been limited to two time constants (T4, T;), or space
(81,52), resulting a family of curves of the SN ygo(t, s)
concentration.

Index Terms—Isotopic separation process, Cohen's equation,
transcendent equations, M4, method.

I. INTRODUCTION

An isotope separation column for **N is modeled through
a second order partial differential equation which is in
relation to two independent variables, time and space.
Among the multiple approximate solutions associated with
the isotopic separation phenomena expressed in relation to
the time (t) and the propagation space (s), it is considered the
following overdamped version represented in the following
equation [1], [2]:

Yoo(t,s) = Foo + For(t) - Fos(s) * Frr — Foo) (1)

The two exponentially increasing evolutions represented
in the following figure are limited to being approximated by
two time constants T; respective T, and two space constants
S, respective S,.

The ascending exponential functions represented by the
following two relations for the final values Fyr(t) — 1
respective Fy.(s) — 1 [1]-[4].

For(H) =1 — - -s_T_tl— T2 -e_T_tz 2
oT T -T, T,-Ty
S _S s _S
R =1-F s s ()

Taking into consideration the relations (2) respectively (3),
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the complete expression of the approximating solution
represented in relation (1) is presented as follows [2], [4]:

(t,5) = Foo + (1 L 5D —i>
= - . T1 — . T2 | -
Yooll, s Yoo T, —T, £ - €
S -—= S _S 5 5
. (1 — 51_152 & S1 — 52_251 £ S2 ) . (:Yff _ yoo) (4)

Considering the elements of the Cartesian system, namely
p=0andq=0, it follows that s = r corresponds to the height
of the column, s, = 0 respective s, = 7 represents the final
height of the column.
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Fig. 1. Evolution of increasing functions.

Witht =t, = 0 and t = t; = 14 are noted the initial and
final moments of the isotopic separation process.
Yoo (25)
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Fig. 2. Representation of the approximating solution

Where with  §,, respective J, are noted the
concentrations of the '°N isotope in liquid phase, more
precisely:

e oo = (to,so) = 0.365%
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Frr = (tr.57) = 82%
The relation represented in (4) is exemplified in Figure 2,
this relation becoming:

Yoo (to, So) = YOO(tO'Sf) = yoo(tf' 50) =Yoo =
0.365%

yOO(tf’ Sf) = yff = 82%

Il. GENERAL OVERVIEW OF ANALYTICAL MODELING USING

THE M;,x METHOD

The simplified representation from Fig. 2 leads to an
intuitive interpretation of the evolution y,,(t,s) which
represents the concentration of the isotope N in the liquid
form, in relation to the time (t) and the propagation height
s =r of the separation column. With the approximating
solution y, (¢, s) from (1), the partial derivatives expressed
in relation (6) lead to much more unitary and systematized
expressions than those resulting in Mpq,, presented in [3],
directly associated with Cohen’s equation.

ai+jy
~ atiass

Yij (6)

As a result, the following relations will be presented as
follows [1], [2], [4]:

Yij = Fir(t) - Fis(s) - (Frr — Joo) (7
BFor(t) ;1T _t 1 T
FiT(t) = 60:; - (_1)1(T_1i.T1—1T2 e +T_2L T2—2T1 .
t

€ T2) 8

(s) = PFos®) _ gyl S 1L S

Fs(s) = 220 = (- G e+ e o
S

€ s2) 9)

The results represented by the relations (7), (8) and (9)
allow the partial derivation automatically with propagation
indices, which further simplifies the calculations for the new
expression of the M4, matrix. It can be shown that the
approximate solution y,, (¢, s) verifies a second order partial
derivatives equation in relation to (t) and (s) such as [5]-[9]:

Qoo * Yoo + Q10 " V1o + Qo1 " Yo1 + Aoz " Yoz + Q41" Y11 +
Az0 " Y20 = Ky - 9000 " Uo (10)

where the K, represents the proportionality constant, ¢, oo =
®o00(t,s), uy is constant. The coefficients (a_ ...) are
considered dependent both on time constants on space
constants. Since the numerical integration will operate in
relation to the time (t), according to which the equation (10)
is second order, it results that the state vector consists two
variables, respectively [5], [6]:

Yoo
x(2x1) =

Yo

(10)
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As a result, the new general expression of the matrix of
partial derivatives of state vector for the same 1+ M=n+N
=7 become [1]-[4]:

Mo = il g Yoo Yo1 Yoz Yoz Yos Yos Yos
s n=12
Xr | *rs
Y10 Y11 Y1z Vi3 Yia Yis Yie
Y20 Va1 Y22 Y23 Yas Y25 Yae
Yao Va1 Y3 Va3 Y3a Vas Ve
Yao0 Va1 Yaz Va3 Yas Yas Vi N=5
Yso V51 ¥s Ys3 ¥s. Vss Vse
Yeo Ye1 Yez Yea Yes Yes Yes
1 M=6

The two maximum order of partial derivation related to
time (t), more precisely (N) and related to space (s), more
precisely (M), are increased in order to provide lower
approximation errors for the iterative calculation based on the
Taylor Series. The calculation of the vector x;(5x1) is
obtained from the pivot element (y,,) which is derivate by
i =1,2,3,N = 4 in relation to time (t) resulting [7]-[9]:

1

Ya+io = — [Ky - 0.0 - Ui * (@oo * Yio + Q10 * Y14i0 T
20

+a01* Yir + Aoz " Viz + Q11 Y14ia)] (12)

The calculation of the matrix xg-(5x1) is obtained from
the pivot element (y,,) which is successively derivate by
i=123N=4 in relation to time () and j=
1,2,3,4,5,M = 6 in relation to propagation space (s). As a
result, these partial derivatives in relation to (t) and (s) are
also obtained from the pivot element in the general form [1],

[2]:
1

Votij = a_[Ky “Qoij Uit (Ao " Vij + Q1o " Yisij t
20

+ao1 " Yijr1 + Qo2 " Vijrz + 11 Yisije)] (13)

1. VARIANTS OF APPROXIMATION OF STRUCTURE

PARAMETERS BY TRANSCENDENT EQUATIONS

Qualitative evolutions for Fy;(t) and Fys(s) are presented
in the picture below, where Fyr(t) » 1 and Fye(s) » 1
such as:

-~
S
L e il 7.‘ -----
Fyr (t) LY
Fys(s)
Fos (Si)lp— —————— g
For ()% 2 :
0 - . . : »!
£ S t S¢ s

Fig. 3. Qualitative evolution of Fy;(t) and Fys(s) functions.
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The inflection abscises correspond to the following
relations [1], [2], [5], [6]:

_ Nty T

t; = — In (T1 (14)
_ S8 S

=) (15)

For the relations (2), (3), (14) and (15) the following
notations are taken into consideration [1], [2], [5], [6]:

Ar=2>1 (16)
7;1
__r
Hr = >1 @an
A=2>1 (18)
S1 s
—_°f
Hs =5, (19)

The approximation of these parameters is based on
knowing the abscises (t;), (t;) and ordinate For(t) > 1
resulting the aproximation of both T; and T,, but also
knowing the abscises (s;), (sy) and ordinate Fog(t) - 1
resulting the aproximation of both S; and S,. This is based
on the numerical solution of the following transcendent
equation [1], [2], [5], [6]:

For(tp) — (1 et —%sweﬂ):DlF (20)
where:

coef1 = __":TIT tt_f (21)

coef2 = —Z—’ii—f (22)

The start of calculations started with A, = 1 + A for
Aly = 1072~10* providing iterative increasing for (17)
until the difference (DIF) changes its mark, at which time the
(DIF) is canceled, and (A1) corresponds to the solution of the
transcendent equation. From (16), (17), (18) and (19) results
the following relations which corresponds to the
approximation of time constants (7;) and (T,) with an error,
as low as the step (A47). [1], [2]:

_ lTl‘an . t_f

Ur = A%—l t; (23)

__ tr
L= ur(1+A7) (24)
T,=2r"T (25)

The program developed for the numerical integration of
transcendental equations is presented in the following [1],

[2]:

Q: tf = 25, Fng = 0979, ti = 3, FAS = 230, FOTi =
informative
L2:  AA=0.001,

A=1+41, Amax = 20
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L3: coefl = — 2.5 coefp = — 122k
- t A-1 0t
1 A
L4: DIFL = [Fop(ty) — (1457~ e0oM — 2T gcoet2)].
Fas
L5: A=A+ AX
L6: coefl = — 2.5 coefp = — 122k
A-1 0t A-1 0t
1 A
L7: DIFZ = [Fop(ty) — (1457~ e — 2 ecoef2)]
Fas
L8: DIF = DIF1 - DIF2
L9: IF DIF < 0 goto L12
L10:IfA = A4 goto L16
L11l:goto L3
L12:p=52 .8 =% _ T, =T
-H=w g 1T opa+ny 2T 1
. IEPRE PR S )% i
L13: Fore(t) =1 ToT, € T1 ot € T2
L4 Fon(® =1 — -1 g — 2. ¢t
" OTi T1-T> T2-T1
L15. Pl'll’lt u, Tl’ T2, Fon, FOTi
L16: STOP
L17:t =0, At = t;/10
L18: For(t) = 1 -~ emi— —12_. g7
noT B T1-T; & T2-T, &
L19:yoo = For * Fas
. 1 -t 1 _t
L20: F11(t) = o, E T T L €T
. _ 1 N 1 -
oL Far(O) = e oy e T ey O
L22: IF t = t¢ + At goto L25

L23: Printt, For, Fi1, Far, Yoo
L24:t =t + At goto L18

L 25: STOP

L26: END

The transcendent equation calculates T; and T, from ¢;, tr,
For(tr) respectively Fyq, the value of the asymptote. The

corresponding curves are shown in the figure below:

Yooa
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t

Fig. 4. Evolution of Fyr;(t) and Fyr¢(t) function of the value of the

asymptote.

Formally identical, space constants are also approximated

resulting the following equations:

A
Fos(sp) = (1450 - €% = 25, 6%/2) = DIF (26)
_ As'lnig i S_f
coefl = i rraiiy 27)
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Inlg

coef2 = _15—1'3 (28)
Asinds S
M= (29)
— Sf
517 us(1+1s) (30)
52 = /15 " Sl (31)

IVV. CORRECTION OF STRUCTURAL PARAMETERS IN
RELATION TO PROPAGATION DEPTH

For the usual propagation case with stationary values
Yo = Yoo(trar So) and yg = yoo(trp, 5f), it is observed that
trp > tpq. As aresult, for this propagation inertia, which is
increasing at the output s in comparison to the input s, it
follows that for the time constants the following relation is
noted [1], [2], [5], [6]:

Tig+Top > Tig + Top (32)

Yoo (£:5)

. .
ke

*Ve

(trp.57)

s
Fig. 5. Evolution of structural parameters.

The increasing trend for T, ,which is also formally identical
for T,, is approximated either as a dotted line, like the relation
(33) or as a full exponential, like (34), as follows:

& Tl

5
Fig. 6. Increasing evolution of T}

-~ Tﬂ

Fig. 7. Increasing evolution of T,
Th=Jo+]i"s

(33)
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S
S2

T, =] +]1'5_§+]2'5_ (34)

From the conditions that the relations (33) and (34) verify
the values T;(sy) = Ty, and Ty (sf) = Tz, but also the
values T, (so) = Toq and T, (s;) = T,p results the following
approximations represented in the relations, where (35) and
(36) are linear approximations and (37) and (38) are
exponentially approximations[1], [2], [5], [6]:

Tig =T
T1=T1a +1Bs—fla's (35)
T,p —T
T2=T2a +M'S (36)
Sf
Tig -T -5
Ty =Tiq +—4—5:¢ % @7
€ Sit+e Sz
T T -3
Ty = Tpo + —H—57 & 2 (38)
€ Si+e Sz

However, for both approximations, linear or exponential,
the same approximate solution remains valid [1], [2], [5], [6]:

Ty
T1-T,

_t
cg T1—

t
Yoo(t,5) = Ky - (1 &2 ) [y +

T-T1

S2
S$2—-51

S _3 _S
1 g 51— Y sz)]
S2

S1—

Ve —¥p) " ( (39)

If tp=1tr then Tip =Ty, and T,z =T, Which
emphasise the same propagation inertia in relation with time t,
both on input s = s, and on output s = s;.

Through a specialized detail for Fy;(t) and Fyg(s) with
more than two time and space constants, the achieved
performances for the concentration y,, (¢, s) are very close to
the results experimentally found in the literature.

V. CONCLUSION

In this article, the presented process is an isotope
separation column for *°N , which represents a space
propagation process modeled by the proposed method, more
precisely a new approach of Cohen's equation, by a
second-order differential equation in relation to time t and
also second-order in relation to the spatial variable s.

At the initial stage of development, for the partial
derivative equation of second order in relation to time t and
space constant s, the variables Fy(t) and Fys(s) are limited
at two, where time constants are (T;, T,) and space constants
are (S;, S,), in this way resulting a family of curves of the >N
Yoo (t, s) concentration.
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