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Abstract—In this paper a modified ESPRIT algorithm based 

on time subspace (T-ESPRIT) and spatial subspace of estimate 

1D-DOA (elevation) of a radiated source to increase the 

estimation accuracy with low computational load is introduced. 

Firstly, this algorithm treats with non uniform linear (NULA) 

array as a multiple sub-uniform linear arrays (ULA) with the 

common reference point, and the T-ESPRIT method is applied 

within each sub-ULA. Secondly, in order to increase the 

estimation accuracy, the estimated DOA is corrected with 

Doppler frequency (fd) which induced by target movement. 

Moreover, the proposed algorithm is combined the refined T-

ESPRIT method with time differential of arrival (TDOA) 

technique to form TS-ESPRIT algorithm which calculates an 

optimum DOA. The estimated results are better than the 

traditional ESPRIT methods leading to the estimator 

performance enhancement. 

 
Index Terms—DOAE, t-esprit, Doppler frequency, TDOA. 

 

I. INTRODUCTION 

Great efforts have been done to improve DOAE accuracy 

via applying ESPRIT for uniform linear array (ULA) [1]-[7] 

and non-uniform linear array (NULA) [8]-[11].  

In previous work, the method involved in both the 

temporal and spatial resolution (TS-ESPRIT) had been 

introduced to realize subspace approach by combining the 

S-ESPRIT method with the T-ESPRIT [1] , [2], [12] which 

realized high estimation accuracy with low computational 

load due to benefit from the advantages of subspaces and 

multi-resolution techniques. 

In this paper a new idea is presented based on spatial 

subspace concept not on spatial sampling concept which had 

been used in [1], [8]-[11]. Spatial subspace is realized by 

divided the NULA to multiple ULAs with the same 

reference point and compute DOAE by applying T-ESPRIT 

for each separately, but in parallel with the others. Then, the 

effect of Doppler frequency on the T-ESPRIT method is 

explained in order to refine the DOAE. Finally, the TDOA 

technique [13], [14] is applied and combined the multiple 

sub-arrays to calculate the optimum DOAE value, which 

realizes time and space parallel processing, so that it obtains 

to enhance the estimation accuracy and reduce 

computational load.    
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II. PROPOSED ALGORITHM 

A. The Measurement MODEL 

In this model, the transmission medium and the signals 

are assumed to be the same as [1], and [12].  Assume there 

is a number antenna element, and it is divided into L 

number multiple uniform linear antenna (ULA) each with 

total N number antenna element in receiving system shown 

in Fig. 1. And there are K number emitting sources, then the 

output complex signal zn,l (t) (n=1, 2, …, N，l =1, …, L) at 

(n, l) sensor at time t can be written as,  
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where                                           

                              
 

            stands for the 

additive white Gaussian noise (AWGN), so that  
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B. Time and Spatial Subspaces Technique 

Fig. 1 shows the NULA, the displacement for each sub-

ULA element from the reference point is computed as 

follow 

 

                                               (4) 

 

 
Fig. 1.  Non-uniform linear array. 
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where Sk(t) is the signal of the kth source at time t.

           
      

 
     is the sensor element response at 

frequency       corresponding to propagation delay 

between a reference point at (n, l) sensor for the kth wave 

front impinging on the array from direction θk,     is the 

displacement of the    element in the lth sub-ULA with 

respect to the reference point (R.P). The receiving model for 

each l sub-ULA can be written as in matrix form
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     which scans along angle vertically (900) in each scan, 

dwell interval (TD) is calculated as follow [15]: 

                            
       

    
                                (5) 

where   is the number of hits per minute, 

Apply the T-ESPRIT method for each sub-ULA, each 

receiving signal measurement value through mth subspace is 

given as, 

                  
                     

                         (6) 

          

 

    
         

     

   
    
         

     

      
         

     

   
      

         
     

      
         

     

   
      

         
     

    

                                                                                          (7) 

where m=1, 2,…, M snapshots at each time        

second, r is the number of picked up data enclosed by each 

snapshot m with time period   
 

 
,           . 

For the mth subspace data matrix can be expressed as, 

                      
       

    
         

     

   
    
         

     
                      (8) 

The matrix      
      dimension is       due to apply T-

ESPRIT algorithm.  

For spatial sampling (S-ESPRIT) [1] the sensor element 

response is given by, 

                             
         

                      (9) 

where   denotes the Kronker product, and    is the 

distance between any element in sub-array (  ) and its 

counterpart in sub-array (   ). And consequently,  
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So, when we apply TS-ESPRIT method; the resulted 

subspace data matrix dimension is        for each m 

subspace. Thus, it is clear from Eqs. (8) and (10) that the 

combination of T-ESPRIT with the spatial subspace reduces 

the calculations load and consequently achieving time 

saving with the same number array elements.  

The ESPRIT algorithm is based on a covariance 

formulation, that is, 

                                                                (11) 

                   
        

    
 
        

            (12) 

                                                               (13) 

The superscript H denotes complex conjugate transpose. 

Compute the Eigen decomposition, 

                             
           

                      (14) 

where the eigenvalues are                      

                        The eigenvectors 

    =                for larger K eigenvalues spans the signal 

subspace, the rest N-K smaller eigenvalues     

              spans the noise subspace which is orthogonal 

to the signal subspace.  Therefore, there exist a unique 

nonsingular matrix Q such that, 

                                                                  (15) 

In (15) let     and     be the first and the last (N-1) rows 

of A respectively, they differ by the factor  

   
    

   

 
     

 

,                 is the internal 

translational invariance for each (  ) sub-ULA but with 

respect to  the reference point. by substituting at Eq.(4) it is 

found that     . So          , where    is the 

diagonal matrix with diagonal elements    
 . Consequently, 

     and      will be the first and the last (N-1) sub-matrices 

formed from    . Then the diagonal elements     of    are 

the eigenvalues of the unique matrix          , that  

satisfies, 

                                                                            (16) 

Therefore, 

                               
   

   

 
     

                          (17) 

Then,  

                           
        

 

   
       

                     (18) 

C. Doppler Correction 

The moving target echo signal is shifted by the Doppler 

Effect. The more accurate T-ESPRIT algorithm should 

consider the effect of the Doppler frequency shift due to the 

target movement.  So, 

                               
   

   

  
     

                          (19) 

where    is the wavelength of the received wave which  

differs from the transmitted wavelength because of the 

Doppler frequency    caused by the target moving velocity 

    [16]-[18].   

                                  
       

 
                                      (20) 

Substituting into (19), then, 
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and, 

                                
    

       
                                      (22) 

where, α is the angle between the direction of propagation 
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and the target velocity vector    .  

So 

                 
   

             

             
     

                    (23) 

Then,  

      
        

 

   
  

          

       
         

            (24) 

 

It is obvious found from Eqs. (22) and (24) that if      , 

it will realize for a stationary target indicated in Eq. (18). 

D. Optimal DOAE calculation 

For ULA groups shown in Fig. 2, the     TDOA for the 

kth received signal from the reference antenna is calculated 

as follow [14]; 

                                   
   

    

 
      

                            (25) 

where,    
  is calculated for the     sub-array as in Eq. (24).  

So, the optimal DOAE value is measured at the center of 

the ULA base line           at which   
        

  
  

 
. So, 

                                   
             

    
                           (26) 

Fig. 3 represents the diagram of time and spatial subspace 

(TS-ESPRIT) proposed algorithm. 

 

 
Fig. 2.  Sub uniform linear array groups arrangement. 

 
Fig. 3. The proposed TS-ESPRIT method with spatial subspace technique. 

 
 

Fig. 4.  RMSEs vs. SNR for the TS-ESPRIT and the proposed algorithm 

θ=34o, ks=10, and 30. 

 
Fig. 5.  RMSEs vs. SNR for the proposed method against different 

ESPRIT methods at θ=40o, ks=25. 

 

III. SIMULATION RESULTS AND COMPARISONS 

Considering one-dimensional (1D) DOAE process with 

AWGN, the simulation parameters are the same as [1], 

TD=1msec,        scan/min, number of hits = 4, 

            ,        , α= 0° (fd= 5000Hz) and fs = 

25 MHz. Assuming total 25 temporal snapshots, pickup 

enclosed data r =20 times,          ,        ,       
   which gave the best results in [1], 200 independent 

Montecarlo simulations, and SNR is chosen as -5 to15dB. 

In order to validate the proposed algorithm, it is used in the 

NULA case. Then, the resulted error is compared with 

results of different ESPRIT methods. Fig. 4 displays the 

comparison between the RMSEs of TS-ESPRIT and the 

proposed algorithm for the NULA with 15 elements (N =5, 

L =3),       and       at θ=34o,     
  

  

 . The 

accuracy improvement of the DOAE using proposed 

algorithm has been confirmed by comparing its resulted 

RMSEs with their counterparts of space multi resolution 

ESPRIT (S-ESPRIT) algorithm used in [11], and TS-

ESPRIT used in [1]. Fig. 5 is comparison of DOAE for the 
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NULA two methods with N = 4 elements for       at 

θ=40o as same in [1], [11]. 

Table I represents the computational time and complexity 

of the proposed method in term of number of flip-flops. It is 

obvious that the computational load has been reduced as a 

result of employing the spatial subspaces concept for each m 

subspace      
  

     
in parallel.  

The results are shown in Figs. 4 and 5 show that the 

errors of the proposed algorithm are less than the errors of 

S-ESPRIT algorithm [11] and TS-ESPRIT algorithm [1] 

especially at low SNR. This upgrade has been occurred due 

to the increase of DOAE accuracy when combining the T-

ESPRIT with spatial subspace algorithm which decreases 

the errors caused by the model nonlinearity effect and 

increases the resolution of phase deference measurement. 

Additionally, this improvement is due to Doppler correction 

which reduces the DOAE uncertainty associated with effect 

of the target movement. 

 
TABLE I: COMPARISON OF THE REQUIRED COMPUTATION TIME AND 

COMPLEXITY 

           Algorithm 

 

computational    

TS- ESPRIT Proposed algorithm 

time (msec) 1.374 0.523 

complexity O (M+ (NL)2r+(NL)3) O (M+ N2r+N3) 

 

It is also noticed from Fig. 4 that the estimation accuracy 

increases with increasing the distance between sub-ULA 

groups. Table I indicates that the proposed algorithm 

requires O (M+ N2r+N3) flops, while the  

TS- ESPRIT algorithm needs O (M+ (NL)2r+(NL)3) flops 

[19]. Also it notes from this Table that due to parallel 

processing the developed ESPRIT algorithm requires only 

about 38% of the computational time that required in the 

TS- ESPRIT algorithm. Additionally, due to use the same 

reference point, this algorithm enables reducing the effect of 

losing any sub-array output for any reason. Simply, we have 

found the developed ESPRIT method achieved success into 

increasing the DOAE accuracy with low computational load 

leading to increase the estimator efficacy. 

 

IV. CONCLUSIONS  

In this paper, a new ESPRIT method is developed based 

on the concept of subspace.  Firstly, the spatial subspaces 

concept is used to solve the NULA case as a multiple ULAs. 

Secondly, the T-ESPRIT method is refined with Doppler 

frequency to upgrade the estimation accuracy then 

combined with spatial subspaces algorithm to reduce the 

computational load. It has been found that the estimation 

accuracy has been increased with low computational load; 

also the computational time has been reduced about 62%, 

which consequently enhance the estimator performance. 
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