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Divergence and Curl Operators in Skew Coordinates
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Abstract—The divergence and curl operators appear in
numerous differential equations governing engineering and
physics problems. These operators, whose forms are well
known in general orthogonal coordinates systems, assume
different casts in different systems. In certain instances, one
needs to custom-make a coordinates system that my turn out to
be skew (i.e. not orthogonal). Of course, the known formulas for
the divergence and curl operators in orthogonal coordinates are
not useful in such cases, and one needs to derive their
counterparts in skew systems. In this note, we derive two
formulas for the divergence and curl operators in a general
coordinates system, whether orthogonal or not. These formulas
generalize the well known and widely used relations for
orthogonal coordinates systems. In the process, we define an
orthogonality indicator whose value ranges between zero and
unity.
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. INTRODUCTION

The curl and divergence operators play significant roles in
physical relations. They arise in fluid mechanics, elasticity
theory and are fundamental in the theory of electromagnetism,
[1], [2].

The physical significance of the Curl of a vector field F
denoted by V x F , is that it measures the amount of rotation
or angular momentum of the contents of a given region of
space. If the value of the curl is zero then the field is said to be
irrotational. The curl is defined in an arbitrary orthogonal
curvilinear coordinates (u;,u,,U;) as

e, hpe, hees
VxE = 1 10 o0 0 (1)
hhhy|ou,  ou,  Oug
Flhl F2h2 F3h3
where e; is a unit vector in the direction of u; , and

1

F = Fe, +F,e, + F;e;5 . The length of the tangent vector in
the direction of u; is known as scale factor, h;, and is defined
by

h =90
ou;
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where T is the position vector in any three dimensional space,
ie. F=r(u,u,,ug).

r.

Note that 2— is a tangent vector to the u; curve where
i

the other two coordinates variables remain constant. A unit

tangent vector in this direction, therefore, is

o o

eizﬁzﬂ or a—r=hiei 3)
or h, oy;
ou;

The Divergence of a vector field over a control volume V
bounded by the surface S, denoted by V+F , is defined by

gSlf.ﬁds

VeF =limS—— (4)
V-0 V

where i is an outward unit normal vector to the surface S .
The divergence actually measures the net outflow of a vector
field from an infinitesimal volume around a given point (or
how much a vector field "converges to" or "diverges from" a
given point). The general expression of the divergence for
arbitrary orthogonal curvilinear coordinates is given by

1 0
— (Rh,hg) +
| 2 ()

0 0
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VeF =
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The Laplacian operator of a scalar yw =y (u;,u,,u;) ,

denoted by sz// is defined as the divergence of the gradient
of y ; thatis

2 _Gu )= | O | els Oy
VW_V(VW)_hlhzhs[ [ ]+
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where
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Equations (1) and (5) are valid for orthogonal systems
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only (i.e. e;, e,, and e, are orthogonal), [3]-[5].

Il. DIVERGENCE FOR GENERAL COORDINATES SYSTEMS

The Divergence Theorem relates the flow, or the flux, of a
vector field through a surface to the behavior of the vector
field inside the surface. More precisely, it states that the
outward flux of a vector field through a closed surface is
equal to the volume integral of the divergence over the region
inside the surface, i.e.

HW-ﬁdS :” Vewdv ©)

S D

where D is a closed bounded region with piecewise smooth

boundary S, i is an outer unit vector normal to the surface
S, W=we, +W,e, +W;e5, Weli represents the component
of win the direction of i, and dv is the volume bounded
by the region D.

Fig. 1. An infinitesimal control volume bounded by the surface.

Considering the bottom shaded surface dS of the given
control volume, Fig. 1, one can find that
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Ao M2 ang ds =[x M laudu, ()
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=—(We; +W,e, +Wsez)«(he; xhye, )duydu,  (10)

=—Ww; (e3-€; e, ) hh, du,du,

On the upper surface, using Taylor series, the outward flux
is

W (e5+e, x e, ) hydudu, +

)
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The net flux through the upper and lower surfaces, then, is

0
a_uzl:(es’%Xez)We.hlhzjdulduzd% e (11)

Using the same argument, the net flux through the
remaining two pairs of surfaces are:

0
E[(eyel x €, )Wyh;hy | duydu,dug +--
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0
E[(esoel x €, ) Wyh, g | duydu,dug + -
1

weridS on the left hand side of equation (8) becomes

0 0 0
[a[ewﬂhz ]+ a[ewzmh:*ha_ul[ewlhzhd]

(12)
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where e=egee; xe, is an orthognality indicator of the
system, (0<e<1).
The volume element, dv, is given by

dv = (hsez dug )+(hye; duy xhye, duy) — (13)
The right hand side of equation (8), then, is
Vewdv = Vew(hye, dug )(hye; du x hye, du, )
= V(g€ x&, ) (hhhduyduydu, ) (14)

In the limit, by equating (12) and (14), an expression for
the divergence of a vector field win a general coordinates
system, whether orthogonal or not, is given by

1 0
— (e w;h,hy) +
o | 2 @ Yifehe)

Veli=
(15)
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It is easy to see that when e=1 (orthogonal system),
equation (15) reduces to (5).

I1l. CURL FOR GENERAL COORDINATES SYSTEMS

Fig. 2. An infinitesimal surface enclosed by the closed path c.
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Stokes' Theorem relates the surface integral of the curl of a
vector field over a surface to the line integral of the vector
field over the surface boundary, or

”?xw-ﬁ ds = gSw-dr

S c

(16)

Considering the bottom shaded surface of the given
control volume as shown in Fig. 2,

This surface is bounded by the curve ¢ which is traced
counterclockwise. This curve is comprised of the four
segments ¢y, C,, C3, and c4. We evaluate the right hand side
and the left hand side of (16) over this surface and two other
surfaces not opposite to each other. On the shown shaded
surface, one can write

V x Weri dS =

((VxW),ey +(VxW),e, +(Vx W)€ )s
he, xh,e,

(|h191 x e, |
= ((VxW)ze5 )+(e; xe, ) tyh, duy du,
= (VxW)5 e hh,du,du,

Jhel x hye,| duydu, (17)

where (?xv“v)i is the component of VxW in the direction
of g;.

The term wedr in equation (16), over the four segments
comprising the curve c, is

WedP = Wedr|, +Wedr|, +Wedr| +wedr|
:W-df| +\TV-dF| +W-df| +VT/odF|
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2
In the limit, after equating (17) and (18),

1
e hh,
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1

Similar results can be obtained for the other two surfaces.
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Equations (19), (20) and (21) can be written in the concise
form

[hywees]- 8_(33 [hywe ez]} (21)

hye, hoe, hses

VX W= 1 o o 0 (22)
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Obviously, the difference between orthogonal and

nonorthogonal coordinates systems lies in the introduction of
the scalar triple product e =e;ee; xe, into the expressions of
VxF ,and V+F . This product returns a value of unity if the
coordinates system is orthogonal.

IV. EXAMPLE

Consider the simple right-handed coordinates system
(u,v,2) which is related to the Cartesian system by the

relations

=u-v
y=u (23)
z2=12

This system is composed of the planes:

y=u which are planes parallel to the x—z plane,

y =X+Vv which are planes that are extrusions of the straight
lines y=x+u into the z -direction, and planes that are
parallel to the x—y plane.

The level curves of the coordinates system on the x—vy
plane are shown in Fig. 3.
&

S
X
K%
N

u constant

Fig. 3. Example of a non-orthogonal coordinates system.

Obviously, the coordinates system is not orthogonal.
Simple calculations reveal that

or
=h =|—|=4+/2
h=h, = |~ V2
or
hy =h, =2 =1
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The corresponding unit vectors are

or ,lor| . .
e, =—/|—|=(+])/«2
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2= 15 (25)
oLz |oz
Now, the orthogonality indicator is
0 0 1
1 1 1
e=e3ee %8, =|—= — 0|=—f%= 26
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The value of the orthogonality indicator being different
from unity indicates that the system is indeed skew.

One can now find the corresponding operator (15) as

60'3 :i%.}.ai_’_% (27)
J26u;  ou, dug
and the three components of the curl in (22) to be
. ow,  a(w, —w, /2)
VxW), =+2| —=-—22 1 7/ 28
(VW) =2 ( Y = J (28)
(i), = F AW IND) 2
oz au
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u

V. CONCLUSION

Two formulas for the divergence and curl operators in any
coordinates systems whether orthogonal or not have been
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obtained. These formulas generalize the well known and
widely used relations for orthogonal coordinates systems.
The difference between orthogonal and nonorthogonal
coordinates systems lies in the introduction of the
orthogonality indicator e=ez-e; xe, which returns a value

of unity if the coordinates system is orthogonal.
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