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Method for the Kinematic Analysis of the Vehicle Axle
Guiding Mechanisms

Catalin Alexandru

Abstract—This article deals with the development of an
analytical method for the kinematic analysis of the axle guiding
mechanisms that are commonly used to guide the rear axles of
commercial and off-road vehicles. The method can be applied /
adapted for most types of axle guiding mechanisms (at least
those commonly used). Unlike the most existing kinematic
analysis methods, which involve the development and solving of
nonlinear equation systems, with the subsequent disadvantages,
the method proposed here is based on linear systems, which are
easy to solve. The computation program was developed by using
the programming environment Borland Delphi.

Index Terms—Vehicle axle, guiding mechanism, kinematics,
analytical algorithm.

I. INTRODUCTION

With increasing the vehicle travel speed, the problems
raised by the need to improve the comfort and stability have
led to equipping the vehicles with increasingly advanced
suspension systems, capable of achieving a barrier of
vibrations and noise between the rolling system and the car
body, all the more much as the vehicle speed on uneven roads
is not limited by the performance of the propulsion system,
but by the quality of the suspension. One of the most
important achievements in this field was the implementation
of the guiding mechanism interposed between the wheel and
the car body, which determines the position of the wheel
against the car body and takes over the forces that appear at
the wheel - ground contact. The guiding mechanism along
with the elastic and damping components form the vehicle
suspension system.

The spatial guiding of the bodies can be performed in two
ways: by guiding one of its characteristic points and orienting
the body in relation to this point (what is commonly used in
industrial robots), or by guiding several points of the body on
appropriate surfaces and curves. The latest solution is
frequently used for the multi-link guiding mechanisms of the
vehicle wheels, the disposing of the guiding links following
the fulfillment of the specific kinematic and dynamic
requirements [1]-[4]. In the relative movement to car body,
the vehicle wheels can be guided independently - by means of
a guiding mechanism for each wheel (independent
suspension), or dependent - by a guiding mechanism of the
rigid axle (dependent suspension). The first solution is
frequently used for passenger cars (for the both front and rear
wheels), while the second solution is mainly used for the rear
axles of commercial and off-road vehicles.
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The great variety of guiding mechanisms that can be
imagined implies (in order to minimize the restrictions to be
fulfilled in the design phase) to identify the types of
mechanisms that can be used for the proposed purpose (in
terms of suspension system overall setup, axle operating
mode, gauge and constructive limits/constraints). The
constructively compatible solutions should be evaluated from
a technical and economic point of view, highlighting their
advantages and disadvantages, which ultimately lead to the
selection of the principle solution. This solution is then
subject to optimization studies regarding the kinematic and
dynamic behavior, which is a continuous concern and
challenge for the research in the field, given the increasing
demands regarding the suspension system performances.

The analysis of the wheel/axle guiding mechanisms can be
carried out in two ways: through analytical methods, which
consist of modeling the guiding mechanisms using the
equation systems that describe their kinematic/dynamic
behavior, those solving is performed by in-house made
specialized programs (with the help of various types of
programming languages); through automated formalisms
integrated into high performance commercial software
solutions based on the multi-body systems theory, which
automatically form and solve the motion equations [5]-[11].

When working with simplified models of wheel/axle
guiding mechanisms, such as the kinematic models (which do
not take into account the forces acting in the suspension
system, neglecting also the elasticity of the elements and the
car body movement), the reduced number of degrees of
mobility (DOM), which is given by the number of
independent generalized coordinates (movements), allows to
approach the study by analytical methods, with the advantage
of customizing the computation program. In this regard, the
scientific literature reveals several methods (vector, matrix or
geometric methods) for the kinematic analysis of the
wheel/axle guiding mechanisms [12]-[20]. Most of these
methods are developed considering particular variants of
guiding mechanisms, being difficult to understand how they
could be generalized for a general and unitary approach. At
the same time, the existing methods are based on complex
mathematical algorithms, which require the use of numerical
methods for solving.

This work deals with the development of an analytical
method for the kinematic analysis of the axle guiding
mechanisms (as mentioned above, these mechanisms are
commonly used to guide the rear axles of commercial and
off-road vehicles). The method is a general one, which can be
applied / adapted for most types of axle guiding mechanisms
(at least those commonly used), and it can be easily
programmed and transposed on computer. The computation
program was realized by using the programming
environment Borland Delphi (based on Object Pascal).



International Journal of Modeling and Optimization, Vol. 10, No. 4, August 2020

Il. THE KINEMATIC FUNCTIONS OF THE REAR AXLE GUIDING
MECHANISMS

As mentioned, in the kinematic analysis the car body is
fixed (rigidly connected to ground), the kinematic behavior
of the guiding mechanism being expressed by the relative
movement (position and orientation) of the rear axle in
relation to the car body (Fig. 1). Thus, the global reference
frame OXYZ it attached to car body, where X is the
longitudinal axis of the vehicle (positively oriented towards
the front of the vehicle), Y - the transversal axis (oriented

from right to left), and Z - the vertical axis (oriented upwards).

The origin of the global reference frame in located at the front
axle level (halfway between the front wheels centers). The
axle reference frame PXpYpZp is located at the middle of the
rear axle (halfway between the rear wheels centers); in the
initial position (i.e. the static rest position of the vehicle), the
local axes are oriented parallel to those of the global
reference frame. During the operation of the guiding
mechanism (when the wheels are moving up/down), the
movement of the axle relative to the car body is reported by
the position and orientation of the axle reference frame
PXpYpZp with respect to the global reference frame OXYZ.
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Fig. 1. The spatial position and orientation of the rear axle.

The kinematic functions of the rear axle guiding
mechanisms, which are defined by considering three specific
points of the axle, namely the centers of the wheels (Gs, Gq)
and a point (G) located on the longitudinal axis (Xp) of the
axle reference frame, have the following analytical forms (for
notations, see Fig. 1):

o displacements of the axle center:

AXp=Xp—-X3 AYp=Yp-YJ, AZp=Zp-Z3, (1)

e pivoting rotation of the axle:

Xeg — X
nz =arctg =G4 _—_2Gs

Yod —Yos |

(2
e roll rotation of the axle:

Zeg -2
ny =arctg—24—-Cs, ®)
Yed —Yos

o rotating the axle around its own axis:

ny =arcsin [ZG -28 ]_ [ZP _Zg], 4

Xo(p)|

o spatial position of the rear axle axis, in OXYZ:

qu (GsGd ,OX )

TNyz = arccos KaKq|

Nxz = arccos 164 —YGs (G,Gg4,0Y), (5)
[KsKaql
qu (GsG4,02),

Nxy = arccos
KsKy|

o displacements of the wheel-ground contact points:

0 0
AX Ks,d = X Ksd — X Ks,d 1AYKs,d :YKs,d _YKs,d ) ©)

0 .
AZKs,d :ZKs,d _ZKs,d )
where:

Xks.d =Xgsd +I-sinm,-cosnyy,
Yks.d =YGs,d +1+COSNZ -COSNyy | 0

Zysd =Zgs,d —T-SiNMxy;

o wheel track variation:
0 0
AE :(YKS +|Yka |)_(YKS +‘YKd D (8)

The values with “zero” exponent corresponding to the
initial position of the axle guiding mechanism (these values
are known input data for the kinematic analysis).

The instantaneous revolute axis of the rear axle (figured in
Fig. 2) is collinear with the vector ® and passes through a
point R whose position vector d=PR, in the axle reference
frame, is obtained from the Euler’s velocity distribution:

VR =Vp+oxd. 9)
Multiplying this expression by ,

c_ox(\7p —\7R) :c_ox(ax(j)),

- - _ _Z _ _ (10)
oopr—meR:coz-d—((o-d)-m,



International Journal of Modeling and Optimization, Vol. 10, No. 4, August 2020

since wxVg =mxVy, =0, ©-d =0(wL d), it will result:

a:

1)

Fig. 2. The instantaneous revolute axis of the rear axle.

The position vector of the point R, relative to the origin O
of the global reference frame XYZ, is defined by the
equation:

FR—FP+d:rp+ 5 (12)
@
Thus resulting its global coordinates:
XR Xp (Dy'Zp—(,l)Z’Yp
YR = Yp +—2 (DZ'XP—(DX'ZP K (13)
ZR ZP (DX'YP—(Dy'Xp

The direction of the instantaneous axis is defined by the
director cosines:

Oy

(O (O]
ag =arccos—=, B =arccos—-,yg =arccos—=,  (14)
(O (O

o
The canonical equations of the axis having the form:

X-Xg Y-Yg Z-Zg

@y

(15)

®y ®,

Finally, the global coordinates of the axle oscillation center
(1), which is defined as intersection between the instantaneous
axis and the vertical-transversal plane that contains the axle
axis, are obtained, as follows:

w
X;=x3.Y, =YR+—V-[x8—xR],
©x (16)

z|=zR+ﬂ.[x8—xR].
Wy

The guiding links of the axle suspension mechanisms are
connected to the adjacent parts (axle and car body) by
compliant joints (bushings). For the kinematic analysis,

THE KINEMATIC ANALYSIS ALGORITHM
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where the force generating elements (as the bushings actually
are) are not taken into account, the bushings are modeled as
spherical joints, thus neglecting the linear (axial and radial)
deformations [21]-[24].

A comprehensive structural systematization of the axle
guiding mechanisms based on spherical joint assumption was
presented in [21], according to the number of degrees of
mobility (DOM=1 or DOM=2, by case), which can be
determined by the Gruebler’s count [25], [26]:

DOM =6-:n - =r @an
where n is the number of moving parts (the axle and the
guiding mechanism arms/links), and 2r - the sum of
geometric restrictions (introduced by joints).

In order to develop the kinematic analysis algorithm, it will
be considered one of the most used types of axle guiding
mechanism, which is schematically represented in Fig. 1 in
both Chebyshev (a) or Watt (b) configurations [27]. The
mechanism, which contains three guiding links/arms of
which two (the lower arms - 1;, 14) are double hinged to car
body, is codified 2SR-1SS, by considering the types of joints
on the adjacent bodies (axle and car body), where S -
spherical joint, R - revolute joints (the pair of two spherical
joints on car body, Mos - Mos» or Mog> - Mog», determines in
fact o revolute joint). Thus, the mechanism has one active
degree of mobility, corresponding to the axle vertical travel.
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Fig. 3. The axle guiding mechanism of type 2SR-1SS.

Fig. 4. Semi-constructive solution of 2SR-1SS mechanism.

A semi-constructive solution of the 2SR-1SS axle guiding
mechanism in Watt configuration is shown in Fig. 4. Except
for the notations that can be found in Fig. 3, the ends of the
shock absorbers (Lsq - to the lower guiding arms, and Losq - to
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the car body) are also marked in Fig. 4 (although the damping
elements are not considered in the kinematic analysis). The
motivation for considering these points will be seen from the
kinematic analysis algorithm.

In most of the kinematic analysis methods from literature
(whether they are vector, matrix or geometric), the vertical
coordinates of the wheels centers (Gs, Gq) or of the theoretical
contact points between wheels and ground (Ks, Kq) are
considered as independent kinematic parameters. Obviously,
this is the case closest to the reality, as it is simulated the
vertical travel of the wheel when passing over the bumps
(road irregularities). However (and the advantage of this
choice will be see hereinafter), for the method presented in
this work the length of the shock absorber (i.e. the distance
between its ends) will be considered as independent
parameter. For the axle guiding mechanism with DOM=1,
the Kinematic restriction is defined by the function:

ls :|LSLOS|:f(t)' (18)

while for the bi-mobile mechanisms (DOM=2) there are two
kinematic restrictions:
Is :|Ls I-Os|: fl(t)v Id :|Ld LOd |: fz(t)’ (19)

where (in a generalized form):

|LL0|=\/(X|_ _XLo)z +(Y|_ —YL0)2 +(ZL-210). (20)

Most of the existing kinematic analysis algorithms of the
vehicle wheel/axle guiding mechanisms (no matter what
method they rely on) generate nonlinear equation systems,
for whose solving numerical methods are needed. In this way,
not only the solving procedure is more complicated, but
certain computational errors are introduced, and it is also
necessary to establish an initial solution as accurately as
possible. As will be seen, the method proposed here
eliminates these drawbacks (disadvantages), because it
allows the transformation of nonlinear systems into some
linear ones, which are easy to solve.

The principle of the method is based on determining the
global coordinates of a point of interest in the guiding
mechanism according to the known coordinates of the other
three points. For example, if M1, Mz and M3 are three known
locations, the global coordinates of the interest point M,
which is located at known distances from the above three
points, will be determined from the equation system:

(X =X )+ =Yoo P+ (2 ~Zyn =

(Xpg =Xp2 P+ (Y ~Yp2 P+ (2 ~Zy2 ) =
(Xm =Xzl +(Ym ~Yma )l +(Zy ~Zya) =

MM, > =dZ,
IMM,[* =d3, (21)
MM [ =d3.

The solution of the nonlinear system (with three unknowns
- Xm, Ym, Zm) Was obtained by transforming it into a linear
system. For beginning, the first equation of the system was
subtracted from the other two. Thus, the unknown squares

XZ2,Y,2,Z% are removed, resulting two linear equations in
Xm and Yy as functions of Zy:

129

(Xm1=Xm2) Xm +(m1=Ym2)-Ym +(Zm1-Zm2)-Zu

i

1,2 2 2 2 2 y2 g2 52
:_[(dZ_XMZ_YMZ_ZMZ)_(dl_XMl_YMl Zyy
_ @)
(XMl Xma)- Xn +(Ym1-Ymz)-Ym +Zm1-Zm3)- Zu
l
[(ds Xia—Yiia— ZM3) (dl_XMl_YMl 147 )]
which can be rewritten in the following form:
XM :AEI.'ZM +Bl,YM=A2'ZM +Bz. (23)

Then, in the first equation of the nonlinear system (21), the
unknowns Xyu and Yy are replaced by the solutions (23),
obtaining a quadratic equation in Z,

Ag-2% +2-Bg-7yy +C3=0, (24)
which has the well known solution:
—Bg+,BZ—Ag-Cy
Zy = . (25)

A

In equations (23-25), the coefficients A1 23, B123 and Cs
depend on the global coordinates of the known reporting
points (M1,2,3) and the corresponding distances (di,2,3):

pot L 1Zm2=2mr YmzYmaf , 1 [Xmz2=Xmy Zmz-Zm
D [Zws-Zur Yws—Yi/ D [Xmz~Xm1 Zmz—Zwa
1 E2-B Yma—Ymy 1 Xm2-Xwm1 E2-B
Blz_i' ’ = (26)
D |Es-Er Yms—Ywa| ° D [Xws~Xw1 Es—Ey
X X Yo =Y,
__i Mz~ a1 M2y e —1-(di2—X2,—Y2,—ZZ_)
D |Xm3—Xm1 Yms—Ymi| ' 2 Mi M Mi

Ag=AZ+ A3 +1B3=A B+ Ay By~ Xy1 A Y1 Ay~ Zy,
C3=BZ+BZ-2-(Xy1-By+Yy2 By )-2-Ey.

In equation (25), the appropriate solution (between the two
possible mathematical solutions) is chosen according to the
guiding mechanism set-up in the initial/static position of the
vehicle. Then, the global coordinates Xu and Ym are obtained
from equation (23). Thus, the position of the interest point M
is determined for the entire vertical travel (up - down) of the
suspension.
The kinematic model of the rear axle guiding mechanism
is defined by the following input data (in correlation with the
notations in Fig. 3 and 4):
= the global coordinates of the points of interest on car body,
in OXYZ: Xwmos', Ymos's Zmos’s Xmos*s Ymos, Zmos”, Xmod', Ymod,
Zmod', Xmod”s Ymod~s Zmod”y Xno, YN0, ZNo, Xios, Yios, ZLos, XLod,
Yiod, ZLod;

= the local coordinates of the points of interest on axle, in
PXpYpZp: Xuse), YMsP): Zmse), Xmde), YmdP), ZmdP), XN(P),
YnE) 2Ny, Xuse), Yise)y, Zue)ss Xid), Yide), Zude), Xese),
Yase) Zosr), XedP), Yad), Zadr), Xo@) Yo@) Z6P);

= the lengths of the guiding arms: lss, lig, I3;

= the initial position of the axle/wheels: XJ,Ys,Z3,
0 0 0 0 0 0 0 0 0
Xasr Yos1 Zasr Xagr Your Logr X Yo Ls-

Gs? "Gs?=Gs? “MGd ! "Gd? —Gd !
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The basic output/unknown parameters (which will be
determined by the kinematic analysis) are the global
coordinates of the three specific points (Gs, Gq, G) that define
the spatial position and orientation of the rear axle, in OXYZ:
Xes, Yas, Zes, Xed, Yed, Zad, X6, Y6, Zc.

In the concept of the proposed method, for the axle guiding
mechanisms with DOM=1 (as is the guiding mechanism
represented in the Fig. 3 and 4), the determination of these
coordinates implies the successive repetition of the numerical
algorithm defined by eq. (21-25), in the following sequence
(steps):

1) determining the global coordinates of the point L
according to the known points Los, Mos, Mos; in other
words, in eq. (21-25), M — Ls, M1 — Los, M2 — Mog, M3 —
Mos>;

2) determining the global coordinates of the point M;
according to the known points Ls (its global coordinates
were determined in the 1% step), Mo, Mos-; in eq. (21-25),
M — M, M1 — Ls, M2 — Mos, M3 — Mog;

3) determining the global coordinates of the point Mg
according to the known points Ms (determined in the 2"
step), Mog:, Mog-; in eq. (21-25), M — Mg, M1 — Mg, M2 —
Mog', M3 — Mog-;

4) determining the global coordinates of the point N
according to the known points Ms (determined in the 2"
step), Mg (determined in the 3™ step), No; in eq. (21-25), M
—> N, M1 e d Ms, Mz - Md, M3 e d No;

5) determining the global coordinates of the point Gs/ G4/ G
according to the known points Ms (determined in the 2"
step), Mq (determined in the 3™ step), N (determined in the
4% step); in eq. (21-25), M = Gs/ Gg4/ G, M1 = Mg, M2 —
Mg, M3 — N.

As mentioned, it was considered that the independent
kinematic parameter is the length of the left shock absorber
(LsLos), the kinematic restriction function being one defined
by eq. (18). Once the global coordinates of the three specific
points (Gs, G4, G) have been determined, the parameters /
functions that describe the kinematic behavior of the axle
guiding mechanism can be computed by using the equations
(1-16). At the same time, the correlation between the length
of the shock absorber and the vertical displacement/position
of the wheel center (Zgs), which is more realistic when
simulating the wheel passing over road bumps/irregularities,
can be established.

For the axle guiding mechanisms with DOM=2, with two
kinematic restriction functions, as figured in eq. (19), the
computation algorithm is similar to the one presented above,
except that the coordinates of the equivalent point My are
determined depending on the points L4, Mog>, Mog», where Lg
was previously obtained based on the known points Log, Mog-,
Moq- (practically, the first two steps of the algorithm apply to
the right side of the axle guiding mechanism in a similar way
to the left side).

IV. RESULTS AND CONCLUSIONS

The above presented kinematic analysis method has been
algorithmized and transposed on computer by using the
well-known programming environment Borland Delphi
(based on Object Pascal), which is currently developed and
maintained by Embarcadero Technologies. The numerical
simulations for this paper have been carried out by
considering an axle guiding mechanism of type 2SR-1SS in
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Chebyshev configuration (as shown in Fig. 3.a). Through the
kinematic analysis of the mechanism, different results that
describe the behavior of the axle guiding mechanism have
been obtained. Of these results, Table | shows the
displacements of the axle center along the global reference
frame axes, as well as the three rotations that determine the
spatial orientation of the axle/guiding mechanism. The results
are also obtained/presented in graphical forms, as shown in
Figures 5 and 6.

TABLE I: RESULTS OF THE KINEMATIC ANALYSIS

AZgs AXp AYp AZp Nz Nx Ny
80.0 -1.70 -3.15 4.10 0.04 -6.14 0.60
60.0 -0.97 -2.26 2.33 0.02 -4.66 0.35
40.0 -0.44 -1.41 1.05 0.01 -3.14 0.16
20.0 -0.11 -0.64 0.27 0.00 -1.59 0.04
0.0 0.00 0.00 0.00 0.00 0.00 0.00
-20.0 -0.12 0.47 0.27 -0.00 1.64 0.04
-40.0 -0.49 0.71 111 -0.01 3.32 0.17
-60.0 -1.14 0.65 2.56 -0.02 5.05 0.39
-80.0 -2.11 0.23 4.65 -0.05 6.85 0.71
S 7 [mm]
L 4 4 o )
. ’”
. - 7 .
= - o= = = = < um]
80 ;_y:u.mfu' 20 40 20
- 2 -
- m——delta Xp
4 A === delta Yp
30 delta Zp
Fig. 5. The variations of the axle center coordinates.
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Fig. 6. The variations of the axle orientation angles.

From the ones presented above, the following conclusions

can be formulated:

= the proposed method uses specific geometrical parameters
of the axle guiding mechanisms, which can be
obtained/extracted directly from the execution and
assembly drawings;

= the method is very simple to apply, and it does not require
the use of numerical methods to solve the equation system
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by which the kinematic behavior of the guiding mechanism
is defined/modeled;

= as a consequence of the simplicity of the method, the
related computation program is easily to be algorithmized
and transposed on computer;

= although the length of the shock absorber is used as an
independent kinematic parameter, which does not match
the real case when the suspension is operated by wheels, the
correlation with the vertical displacement of the wheel can
however be achieved,

= the method can be applied for most types of axle guiding
mechanisms, and it can be adapted for the wheel guiding
mechanisms with independent suspension, which are
frequently used for passenger cars (the transposition /
adaptation of the method for these types of guiding
mechanisms is intended to be addressed in a future work).
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