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Abstract—Multifractal analysis has been recognized as a 
powerful tool in characterizing textures. Several studies have 
shown the possibilities offered by multifractal analysis in image 
processing, in particular in classification of complex textures. 
Indeed, in most cases, the mode of multifractal spectrum is used 
for classification; in this study, we propose two different 
methods to estimate this spectrum. This paper focuses on the 
classification of Brodatz textures using multifractal analysis. 
Two methods are considered: The first method is based on the 
multifractal formalism of Frish and Parisi through the 
Legendre transform, the second one is a direct method based on 
the box-counting algorithm. For both approaches, we used the 
multiresolution coefficients of the wavelet transform, with the 
Gaussian first order derivative to find singularity exponents in 
the direct method, and the leaders coefficients for the 
multifractal formalism. The Legendre transform was used to 
estimate the multifractal spectrum, while the box-counting 
method was used to compute the Hausdorff dimension of sets of 
the same degree of singularity. Results demonstrate that it is 
more interesting in some cases to use the box-counting method 
than the Legendre transform to obtain a more accurate 
spectrum, as in the bimodal spectrum case. 

Index Terms—Box-counting method, multifractal formalism, 
multifractal spectrum, texture classification.  

I. INTRODUCTION

The Multifractal analysis and its formalism were designed 
initially to study the variations of flow velocity and especially 
to study the phenomenon of intermittent fully developed 
turbulence. Indeed, it is often related to objects of very 
complex geometry, anisotropic, inhomogeneous, very 
irregular texture and roughness that varies from one point to 
another, and that fractal analysis is not enough to give a fully 
description. Multifractal analysis is applied in dynamic 
system, in hydrology to model the rainfall, to study 
earthquakes, stock market, to study the distribution of matter 
in the universe, to model the Internet traffic, and also to study 
DNA sequences [1]-[3]. 

The basic principle of multifractal analysis is to compute 
the local dimension and consider the sets of the same degree 
of singularity to estimate the dimension of their distribution. 
The direct application of this method is difficult due to the 
high density of sets of the same exponents in most natural 
images. This constraint brought Frish and Parisi [4] to 
introduce the multifractal formalism. In this paper we 
propose to analyze textures with and without the use of this 
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formalism. In addition, we propose to use the box-counting 
method to estimate the fractal dimension D(h0±Δh/2) of sets 
with singularity exponent that satisfy the inequality h0 - Δh/2
< hx< h0 +Δh/2, where h0 is the Holder exponent of the 
middle interval considered, hx is some Holder exponent 
belonging to the interval [h0-Δh/2, h0 +Δh/2], and Δh
indicates the interval size of the Holder set. 

II.MULTIFRACTAL SPECTRUM

The Multifractal analysis considers the distribution of 
measurement µ(M(X, σ)) ~ σh(X), where μ denotes the 
measurement function in the sense of calculation, M is the 
image or surface of grayscale, X is a given position of a pixel 
in the image, σ is the scale of analysis or the wavelet support 
and h(X) is the Holder exponent, also called singularity. 
The multifractal spectrum gives an estimation of the 
Hausdorff fractal dimension D(h) of the spatial distribution 
in the image sets (in the geometric sense, their positions in the 
image) of the same degree of singularity h(x). 
The multifractal analysis is used to describe the fluctuations 
of the local regularity of a signal f (x) represented by the 
Holder exponents also called local Hurst. The higher the 
value of h(x0), the greater the signal f is regular and vice versa 
(more irregular). The information on the variability of the 
regularity of f is described by the multifractal spectrum D(h), 
which is the Hausdorff dimension of all points x where the 
signal f got the same Holder exponent h [5]: 

( ) ( ){ }:hD h dim x h x h= =              (1) 

To estimate this spectrum, we propose to compare two 
methods: (a) the multifractal formalism of Frish and Parisi 
and leaders coefficients, so by Legendre transform [4]; and (b) 
the direct method that uses the box-counting method to 
compute the Hausdorff dimension and uses modulus of 
continuous wavelet transform to estimate the singularity 
exponents for each pixel of the image. 

III. WAVELET TRANSFORM FOR MULTIFRACTAL ANALYSIS

The use of the Wavelet Transform for Multifractal 
Measure (WTMM) was addressed in 1992 by the theory of 
Mallat and Hwang [6]. The introduction of methods such as 
the maximum modulus of the wavelet transform in WTMM 
for multifractal analysis of rough surfaces is due to works of 
Arnéodo et al., [7], and more recently Abry and Jaffard [8] 
have introduced the leaders coefficients with the discrete 
wavelet transform to find the multifractal spectrum. 

The multifractal analysis based on leaders coefficients 
attract great interest due to gain in time computation and 
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quality of results that can be achieved. This method is based 
on a theoretical foundation well established by Abry et al. [8] 
and Jaffard et al. [9]. The leaders coefficients are calculated 
from moduli of the Discrete Wavelet Transform (DWT). This 
explains the rapidity of the method, and the results are 
conclusive even using wavelet of lower order, e.g. 
Daubechies first order. 

The multifractal spectrum method of the leaders 
coefficients is obtained using the notation of Lashermes [10]. 
In the one dimensional case for example, for each dyadic 
interval at scale 2j, df (j, k) denotes the coefficient of the DWT. 
The leaders coefficient lf (j, k) are given by [10]: 
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We use the following partition functions, taking d = 2 (2D 
case): 
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We denote by q the moment, n(j) the number of leaders 
coefficients at the octave j. The scale function ( )ql
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Fig. 1. A grayscale original image. 

This relation is called multifractal formalism of Frish and 
Parisi. It makes the estimation of the multifractal spectrum 
possible through the Legendre transform.  

In this work, we propose to analyze an image with the 
box-counting method and Legendre multifractal spectrum by 
the Leader coefficients method. Fig. 1 illustrates a 512×512 
natural grayscale image encoded on 8 bits. Fig. 2 presents a 
convex scaling function of the original image, where we can 
notice a multifractal character. Fig. 3 represents the 
multifractal spectrum obtained with Legendre transform 
while using the leader wavelets coefficients, a convexity is 
noticed in the spectrum. Fig. 4 illustrates the partition 
functions for -5 to +5 statistical moments, these results are 
obtained using the first order Daubechies wavelets.  

Fig. 2. The scaling function for the moments -5<q<+5. 

Fig. 3. The Legendre multifractal spectrum by the leaders coefficients 
method. 

Fig. 4. Log-Log of the partition functions. 

IV. MULTIFRACTAL ANALYSIS BY BOX-COUNTING METHOD

One of the most famous empirical algorithms for 
calculating the fractal dimension is the “box-counting” 
method [11]-[13]. In order to find the Hausdorff dimension, 
intervals [h1, h2] of fixed size Δh = h2-h1 are used to estimate 
the fractal dimension of the set belonging to the interval [h1, 
h2] which is given by the notation D(h1/2 + h2/2). This 
dimension is obtained from the slope by fitting the linear 
regression of the number of boxes versus scales of analysis in 
a Log-Log plot [11]: 
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                        (5) 



  

To estimate the Hausdorff dimension, pixels with Holder 
exponents belonging to the interval [h1, h2] are set to “1” and 
the others to "0".  The box dimension is computed by the 
box-counting method of the obtained binary image. Different 
obtained results using the multifractal analysis of the direct 
method are presented. Fig. 5 gives the histogram of these 
Holder exponents, this result is deduced by analyzing the 
local variation of moduli of continuous wavelets transform. 
Fig. 6 represents the predominant Holder set of the image; it 
shows the spatial distribution of the sets that form the 
spectrum mode. Fig. 7 shows the most singular Holder 
exponent set of the image, these sets are focused in edges of 
the image. Figure 8 illustrates the multifractal spectrum 
estimation by the direct method without Legendre transform. 
To do so, the box-counting algorithm is used and the fractal 
dimension is calculated for several Δh values. In Fig. 9, the 
color map of Holder exponent for the previous image is given. 
Finally, Fig. 10 presents the Legendre spectrum, in bleu the 
most singular set, and in red the Legendre spectrum mode. 

 

 
Fig. 5. Histogram of singularity exponents. 

 

 
Fig. 6. The set of predominant multifractal coinciding with the peak in the 

spectrum mode. 
 

 
Fig. 7. The most singular Holder exponent set of the image. 

 
Fig. 8. Multifractal spectrum estimation by the box-counting method. 
 

 
Fig. 9. Holder exponents in color map. 

 

 
Fig. 10. Legendre spectrum indicating the predominant set and the most 

singular Holder exponents. 

 

V.   CLASSIFICATION USING MULTIFRACTAL SPECTRUM 
MODE: RESULTS AND DISCUSSION 

Robust classification methods are based on the use of the 
mode of the multifractal spectrum, called predominant 
Holder exponent, which represents the peak of the spectrum 
singularity. In image processing, multifractal analysis has 
revealed that different textures have different exponent 
singularities. Several authors have demonstrated the 
effectiveness of this procedure in classification of images 
[14]-[16]. In this paper, based on: -the histogram of the 
singularity exponents, -the Legendre multifractal spectrum 
obtained after applying the multifractal formalism and -the 
spectrum estimated with the box-counting method and the 
continuous wavelet transform, we propose to classify the 
Brodatz texture database. Tables I, II and III, illustrate some 
results which show the three parameters of spectra and 
histogram hmin, hmax and hpic for the first 16 Brodatz textures 
(Fig. 11) [17]. In this paper, we have used natural textures 
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average value of 1.08 for b [18]. We find this type of process 
1/f, for example in the case of Brownian surfaces. This power 
spectrum exponent is related to the Hurst exponent by the 
relation b = 2H +2. So it is interesting to characterize such 
textures using multifractal analysis. 

In Table I, the parameters hmin, hmax and hpic indicate 
respectively the singularity exponents of Brodatz textures, 
the minimum, the maximum and the Holder exponent of the 
spectrum mode with D(hmin) = D(hmax) = 0 and D(hpic) = max 
(D(h)), with h belonging to [hmin, hmax], it is possible to detect 
the monofractal character, denoted by M in the table. 

The Table II presents the results obtained with the 
box-counting method to calculate the fractal dimension of the 
spectrum. We notice that it is possible to obtain the 
multimodal spectra that cannot be obtained by the Legendre 
transform method. It also appears that it is difficult to detect 
the monofractal character of certain textures. In this case it is 
possible to use the multifractality index Dhmulti = hmax - hmin. 
This parameter is less important in the case of monofractal 

textures. 
In Table III, the parameters hmin, hmax and hpic are obtained 

directly from the histogram of the singularity exponents 
through the study of the moduli of continuous wavelets 
transform evolution in each pixel of the image. 

To highlight the bimodal character, others Brodatz textures 
(D101, D 102, D 4, D 57, D 62 and D 87) presented in Fig. 11 were 
analyzed. As can be seen on Fig. 12, the obtained results with 
and without the Legendre transform reveal differences 
texture analysis. A significant difference between the peaks 
of the spectra is observed for Brodatz textures D 102 and D 101. 
In fact, for these textures, the spectrum estimated by the 
direct method reflects a bimodal character; this could not be 
seen with the multifractal formalism of Frisch and Parisi, 
which uses a convex scaling function. It is interesting to 
study the shape of the multifractal spectrum, which is 
calculated with the box-counting method on Δh in a 
predefined intervals in order to obtain D(hpic) close to the 
value 2, which means that the predominant Holder set pave 
the image as a surface. 
 

TABLE I: RESULTS OF THE MULTIFRACTAL ANALYSIS USING THE FRISH AND PARISI FORMALISM AND THE LEADERS COEFFICIENTS METHOD 
Texture D1 D 2 D 3 D 4 D 5 D 6 D 7 D 8 D 9 D 10 D 11 D 12 D 13 D 15 D 16 
hmin -0.87 -0.48 -0.9 M -0.5 -1.17 -0.4 -0.3 M -0.8 M -0.5 -0.47 -0.83 M 
hmax 0.45 0.8 0.22 M 0.6 -0.05 0.97 0.65 M 0.7 M 0.7 0.98 0.38 M 
hpic -0.23 0.02 -0.5 -0.5 -0.1 -0.7 0.2 0.175 -0.5 -0.18 -0.15 -0.15 0.07 -0.38 -0.65
D(hpic) 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 

 
TABLE II: RESULTS OF THE MULTIFRACTAL ANALYSIS USING THE BOX-COUNTING METHOD APPLIED TO BRODATZ TEXTURE 

Texture D1 D 2 D 3 D 4 D 5 D 6 D 7 D 8 D 9 D 10 D 11 D 12 D 13 D 15 D 16 
hmin <-2 -1.7 <-2 <-2 -1.8 <-2 -1.7 -1.4 -2 -2 -1.7 -1.9 -1.7 -1.9 <-2 
hmax 1.2 1.8 1.1 0.47 1.4 0.7 >2 1.4 0.6 1.5 1 1.6 >2 1.1 0.4 
hpic 0.1 0 -0.7 -0.7 -0.1 -0.7 0.3 0.2 -0.5 -0.4 -0.1 -0.2 0.1 -0.4 -0.7 
D(hpic) 1.77 1.84 1.84 1.87 1.84 1.84 1.74 1.86 1.88 1.75 1.88 1.84 1.79 1.85 1.88 

 
TABLE III: SINGULARITY EXPONENTS FOLLOWING THE HISTOGRAM WITHOUT CALCULATING THE FRACTAL DIMENSION 

Texture D1 D 2 D 3 D 4 D 5 D 6 D 7 D 8 D 9 D 10 D 11 D 12 D 13 D 15 D 16

hmin -2 -1.33 -2 -2 -1.5 -2.27 -1.2 -1 0.6 1.5 1 1.6 >2 1.1 0.4 
hmax +2 1.82 1.5 1 1.5 1.62 2.23 1.5 -0.5 -0.4 -0.1 -0.2 0.1 -0.4 -0.7
hpic 0.113 -0.095 -0.69 -0.63 -0.08 -0.713 0.07 0.22 -2 -2 -1.7 -1.9 -1.7 -1.9 <-2 
 

 
Fig. 11. Brodatz texture set. From left to right and top to bottom: D1, D2, …, 

D16. D57, D62, D87, D101, D102. 

 
Fig. 12. Bimodal multifractal spectrum obtained using the box-counting 

method (red color). An adjusted histogram of holder exponent (green color). 
The multifractal spectrum obtained with leaders wavelets method (blue 

color). 
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which have in the most case a power spectrum of radial 
frequency f whose amplitude follows a power law of the 
type: : S(f)=a/fb. Some authors have even suggested an 



  

 
Fig. 13. Monofractal spectrum obtained using the box-counting method (red 
color).An adjusted histogram of holder exponent (green color).The 
multifractal spectrum obtained with leaders wavelets method (blue color). In 
this last case the spectrum is reduced to an intersection of two segments. 

 

 
Fig. 14. The multifractal and monofractal cases can be detected with the 
multifractality index hmax-hmin as indicated in this figure. The Brodatz texture 
D62 and D87 reveal a multifractal character, when D4 and D57 reveal a 
monofractal character with less important hmax-hmin. The histogram of 
exponents singularities is given, the later is suitably adjusted to match the 
multifractal spectrum. 
 

 
Fig. 15. Composite image, obtained by combining two Brodatz textures D7 

and D16. 
 

Moreover, we notice (Fig. 13 and Fig. 14) that significant 
differences are observed in the multifractal measures for 
textures that represent the least homogeneity e.g. D62 and 
D87. The comparison is made between the multifractal 
spectrum and the modes of the histogram of singularity 
exponents; this can be explained by the fact that the largest 
set of the histogram doesn’t necessarily represent the peak of 
the multifractal spectrum. In addition, the index of 
multifractality which also indicate the support of the 

multifractal spectrum given by hmax-hmin, can be used to 
reveal the monofractal nature with the direct method. Indeed, 
the support of the spectrum is less important in the 
monofractal case, as shown in the results of calculation in 
Brodatz textures D4 and D57. 

 

 
Fig. 15. Composite image, obtained by combining two Brodatz textures D7 

and D16. 
 

 
Fig. 16. Multifractal spectrum of the previous composite texture, the fractal 

dimension is calculated with box-counting method for Δh = 0.0125, a 
bimodal character of the multifractal spectrum is observed. 

 

 
Fig. 17. Multifractal analysis with Leader coefficients method, this result 

does not reflect the nature of the composite texture. 
 

In this study we propose also to analyze a composite image, 
generated using two Brodatz textures D7 and D16. In fact, the 
modes of the spectra of the two textures are quite distinct, as 
shown in the results table of the multifractal analysis of 
Brodatz textures. The use of the method based on multifractal 
formalism and the Legendre transform with the dominant 
coefficients does not reflect the composite nature of the 
analyzed image presented in Fig. 15, since the spectrum show 
only a single mode (Fig. 17). On the contrary, using the 
proposed method based on a box-counting approach with Δh 
= 0.0125, allows the observation of the bimodal spectrum, 
due to the composite nature of the texture image (Fig. 16). 
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VI. CONCLUSION 
This study allowed us to compare the results of 

multifractal analysis using the direct method based on the 
box-counting to estimate the Hausdorff dimension of sets 
whose Holder exponent hx satisfies the relation h0 - Δh/2 < hx 
< h0 + Δh/2, and the method based on the multifractal 
formalism of Frisch and Parisi through leaders coefficients of 
the discrete wavelets transform. Although the latter is faster 
and requires less computation time, it cannot reveal the 
bimodal character observed for some textures. 

In conclusion, it is possible to detect the monofractal 
character of some textures by applying the Legendre 
transform. The multimodal nature that characterizes some 
textures is more difficult to emphasize, this can be done using 
the box-counting method. Thus, it is interesting to combine 
these two techniques for more efficient analysis. 
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