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Comparison of Adomian Decomposition Method and
Taylor Matrix Method in Solving Different Kinds of
Partial Differential Equations

Sinan Deniz and Necdet Bildik

Abstract—In this paper, we will present a comparison
between the Adomian Decomposition Method (ADM) and
Taylor Matrix Method by solving some well-known partial
differential equations (PDES). In order toillustrate the analysis
we examined the Telegraph equation, which is considered one
of the most significant partial differential equations, describe
wave propagation of electric signalsin a cable transmission line
and Klein-Gordon equation which is encountered in several
applied physics fields such as, quantum field theory , fluid

dynamics, optoelectronic devices design and numerical analysis.

Our study shows that the decomposition method is faster and
easy to use from a computational viewpoint.

Index Terms—Adomian decomposition method, Klein
gordon equation, taylor matrix method, telegraph equation.

I. INTRODUCTION

Many scientific and technological problems in natural and
engineering sciences are modeled mathematically by partial
differential equations. In physics for instance, the heat flow
and the wave propagation phenomena are well defined by
partial differential equations. The dispersion of a chemically
reactive material is characterized by partial differential
equations. In addition, most physical phenomena of fluid
dynamics, quantum mechanics, electricity, plasma physics,
propagation of shallow water waves, chemical
reaction-diffusion and many other models are governed by
partial differential equations. Besides that a substantial
amount of work has been investigated for solving such
models [1]-[4].

Most realistic partial differential equations do not have
exact analytic solutions, so numerical techniques must be
used to handle with them. Recently, several techniques
including the method of Riemann invariants [5], periodic
multi-grid wave form [6], variational iteration [7] and
homotopy perturbation [8] have been used for the solutions
of such problems. If any exact solutions exist, these
numerical methods give generally approximate solutions
which converge rapidly to these accurate solutions easily.
The investigation of exact or approximate solutions to these
partial differential equations will help us to understand
phenomenas behind those models better.

The Klein-Gordon [9], [10] equation, which is derived
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from the relativistic energy formula, is one of the most
important mathematical models in quantum field theory. It is
a different version of the Schrédinger equation which is also
one of the well known PDEs. In general, Klein—-Gordon
equation is used to describe dispersive wave phenomena in
relativistic physics. It has attracted much attention in
studying solitons and condensed matter physics, in
investigating the interaction of solitons in a collisionless
plasma and in examining the linear and nonlinear wave
equations [11], [12]. Approximate analytical solutions of
Klein—Gordon equations via the differential transform
method and homotopy perturbation method were presented
in [13], [14].

The linear Klein-Gordon equation in its standard form is
given by

un—um+au=g(x,t) (D

Subject to initial conditions
u(x,0) = f(x),u,(x,0) = h(x) @)

where # is a function of X and 7, a is a constant and
g(x,t) is the source term.

Telegraph equation is also considered one of the most
significant PDEs which describe wave propagation of
electric signals in a cable transmission line. Many researchers
have used various numerical and analytical methods to solve
the telegraph equation. Mohebbi and Dehaghan [15], studied
high order compact solution to solve the telegraph equation.
Saadatmandi and Dehaghan [16], developed a numerical
solution based on Chebyshev Tau method. Yousefi [17] used
Legendre multi wavelet Galerkin method for solving the
hyperbolic telegraph equation. Parkes er al. [18] used the
Jacobi elliptic function expansion method, and proposed
double periodic solutions.

The standard form of the telegraph equation is given by

u,_=au,+bu, +cu 3)

where u(x,t) can be voltage or current through the wire at
position x and time ¢ . And also we have constans
a=LC,b=GL+RC and ¢=GR where G is conductance

of resistor, R is resistance of resistor, L is inductance of
coil and (is capacitance of capacitor.
In this paper we give short definitions of ADM and Taylor
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matrix method and we compare the performance of these
methods by solving Telegraph and Klein-Gordon equation.
Both methods are very effective and provide the solution in
an infinite series, but ADM eliminates cumbersome
computations which are needed by Taylor matrix method.

II. ADOMIAN DECOMPOSITION METHOD (ADM)

The topic of the Adomian decomposition method has been
rapidly growing in recent years. It was first proposed by
George Adomian [19]. In this method the solution of
functional equations is considered as the sum of an infinite
series usually converging to the solution. A lot of research
works have been conducted recently in applying this method
to a class of linear and nonlinear partial differential equations
[20]-[22]. The method is well suited to physical problems
since it makes unnecessary restrictive methods and
assumptions such as the linearization, perturbations etc.
which may change the problem seriously.

Here we just consider the basic points of this method,
further details can be found in [23].

We first consider the equation

Lu+Ru+ Nu=g(t),u(0)=a 4)

where L is the first order derivative which is easily
invertible, R is a linear differential operator and Nu
represents the nonlinear terms and g(#) is the source term.

Unknown function u(f) is represented as an infinite

series:

u(t) = iu (1) (5)

n=0

And the nonlinear term can be decomposed as

Nu(t)=3 4, (6)

where An are Adomian polynomials of u,,,u,,u,,...and it

can be calculated by the formula

4L N(iﬂuj n=012.. ()
n!dA" = o

Applying the operator L' to both sides of (4) and
substituting infinite series form of all equations into this
equation we obtain

S u, () = G(z){Riun )+ iAn} ®)

where (G (?) is the term arising from the source term and the
prescribed initial condition.
Finally, after selecting 1, by using (8), we can start the

293

iteration that will form the solution (s) = i” (¢)- This can
n=0

be generalized to PDEs easily [4].

III. TAYLOR MATRIX METHOD

Taylor matrix method has been used to find the
approximate solutions of partial differential, integral and
integro-differential equations [24]-[26].This method shows
the best advantage when the known functions in equation can
be expanded to Taylor series about x = ¢ which converge
rapidly. To get the best approximation to the accurate
solution, we need to take more terms from the Taylor
expansion of functions, in other words the truncation limit
N must be chosen large enough.

As in the previous section we will highlight only the points
of the method that will be necessary for us. Details can be
found in [27].

Considering the second order PDE

au  +bu,+cu_+du, = g(x,t) 9)
With initial conditions
u(x,0)= f(x),u,(x,0)=h(x). (10)

We first assume that the solution is expressed in the form

1

N N
u(x,n)=y > a, (x)' () »a,, =——u""(0,0) (1)
r=0 s=0 ’ : V!.S!
where a, are Taylor coefficients.
This solution function can be written in matrix form
u(x,t)=X(x,t)A (12)
where X (x,£) is 1x(N +1)* matrix.
The relation between this matrix and its derivatives:
u (x,t)=X(x, )BA
u,(x,t)= X (x,1)BA (13)
u, (x,t)=X(x,0)(B)’ 4
u,(x,t) = X (x,t)(B)* 4
where
X(xt)y=[1t £t xxtxt®eooxt™ oo 2V VeV ]

A= [ao,oao,l oy oGyttt e

And
0 0 0 B 0 0
02 . 0l 002 - 0 0 B O - 0
B=|: i i .. | B=|i i oi o Pl B=[i o1t
000 « N 00 0 - NI 000 - 0
000 0 00 0 - 0 0 00— B

I isthe (N +1)X(N +1) identity matrix.
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Applying same procedure for g(x,?), we can get:
g(x,0)=X(x,0)G (14)

where

gxe,)=>> g () () .g,. =

r=0 s=0

G (0,0)
rls!

T
Gzl:go,ogo,l"'go,zv 10811 8inv " Bho gN,l"'gN,N:I :

Substituting the expressions (12), (13) and (14) into (9)
yields

{a(BY +b(B)’ +cB+dB}A=G
And it may be briefly written as

WA=G . (15)

For initial conditions we now consider new representation
of u(x,t) to make calculation easier:

u(x,t)=Xx)0(t)A4 (16)
u,(x,1) = X (x)O(t)BA (17)
And
(n)
@ =XWF, F=[ffi ] £, =2 as)

(n)
_17O)

h(x)=X(x)H, H =[hyh, - '
n!

h] s h

n

where

X()c)z[lxx2 ---xN:l
T(t)y=[1te> V]

T@W 0 0 - 0
0 T@) 0 -« 0
o) = oL
0 0 0 - 0
0 0 0 ()

By furnishing (16)-(19) into the (10) and by making some
simplifications we get:
S, =0(0)4=F
S,=0(0)BA=H
In order to provide higher accuracy, we form W and
G by throwing away maximum number of row vectors from

W and G so that the rank of the augmented matrix which is
defined as

Cannot be smaller than (N +1)°.

After applying Gauss elimination method to augmented

matrix, we obtain W and G and Taylor coefficients are
obtained as:
2\l
=(7)

(20)

Qu

IV. NUMERICAL EXAMPLES

Letus now give the examples related with two methods for
comparing the performance of them. We have used Maple 13
to handle with long difficult computations.

A. Example 1
Consider the linear inhomogeneous Klein-Gordon
equation

u, —u_ +u=x(2+t>) (21)

With Initial conditions
u(x,0)=0, u,(x,0)=0.
1) Adomian decomposition method

tt
Operating with L;l = II(.)dtdt , Equation (21) becomes
00

iun (x)=xt’ +%4 +L KiunJ }—li : [iun} (22)

We set the recursive relation as

xt*
u, (x,t) = xt> +—
12

(23)
e () = L' (u, =1, ),k 20
that gives
“o(x’l)=xtz+);—t24
u (x,0) =L (1, —uo)z_);_i_;_g; 24)
u,(x,t)=L" (u]“_u]):%_#f;o

It is important to see here that the noise terms appear
between the two components #, and u, .The noise terms

phenomenon [19] says that if the terms in 1 are canceled by
the terms in#, , even though u, contains further terms, then

the remaining non-canceled terms of #, may provide the
exact solution of the problem. Therefore we may cancel the
xt?
12

so we get the exact solution as

u(x,t)=xt>. (25)
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2) Taylor matrix method

By taking N =2, we first assume that the problem has a

solution in the form:

u(x,0)=, > a,,(x) ()"

r=0 s=0

The fundamental matrix equation of this problem is

{(BY +1-(B)'} 4=W4=G.

For N =2, we find

L o

N
&

Il
cocococooo o —
coc oo oo oo~ O
o oo oo o —~ o
o oo oo~ o o <
o oo o~ o o o @
c o oo oo

- O O ° O o b
o o o o o

—_— O N O o o N o o
o o0 = o N o o o

(=R}
(=T

Now using the initial conditions we have
1000000 0 030

001 0000 0 00

After removing the k rows below from [W;G] to get

S F
[W;G]: S, H
WG

[W; @] so that the rank of system

smaller than (N +1)> =9, we have

,_|

%1

Q

| I—

I
co~ oo~ oo —
o - 00 o o — O
— o N oo oS — o o
oo S oc oo oo o
c oo o~ o oo
c oo oc oo oo o
cC o - o o oo o
o b oo oo oo o
D oo o oS oo o
P - - -

And applying Gauss elimination process to this augmented

matrix we have found the Taylor coefficients as:

Az(W)léz[OOOOOIOOO]T

Consequently, the exact solution is

u(et)=X(u0)A=[ 11 £ xxt ot ¥ Xt ¥F |

1000000 0 00
[S:F]=[0 10 0000 0 0:0[[S:H=0000100 0 00[
0000001 0 090

S O O = O O O O O
I
5i\)

As in the ADM.

B. Example 2
Consider the Telegraph equation in [28§]

(26) u,tu +tu=u_ (29)

Under the initial conditions

27) .
u(x,0)=e", u,(x,0)=—¢" (0<x<1r20)

3) Adomian decomposition method
tt

Operating with /-1 — J' J' ()dtdt on (29) and using the
00

initial conditions:

u(x,t) =u(x,0)+tu,(x,0)+ L' (u, —u, —u)
(30)
=" —te "+ L' (u, —u,—u)

And following the procedure presented before gives:

Zun (x,H)=e"—te'
n=0 (3 1 )

ol Fle s

Also writing recursive relation as:

can not be

u,(x,t)=e" —te'

] (32)
u,, (x,t)="L (uk —u, U, ),k >0
In view of (29) we obtain
- t’e"
u,(x,t)= L,l (uo —, —uo) =2—!
u,(x t)=L71(u —u —u):—tSeX (33)
24 « \Y1, 1, 1 31
u,(x t)—L"(u —u, —u )__t4ex
sWhE) =Ly Uy T Uy, 2)= 4
Consequently, the solution can be predicted as:
£
= * _ —_——— = x ! = Xt 34
u(x,t)=e"(l t+2! 3!+...) ee' =¢ (34)

which is exact solution.

(28) 4) Taylor matrix method

Following the procedure in Section 3, the fundamental
matrix equation is written as:

{BY +B+1-(BY}a=WA=G  (35)

where B, Band I is (N +DX(N +1) matrix .
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Proceeding for N=9,11 and 13 we obtain the

approximate solution. A few terms of approximate solution
are given as:

2 2 2,2 2.3

2 X X Xt
u(x,t)=l—-t+x—xt+—+———+ -
2 2 2 4 12
°f Xr X _’Lé+ xt® N xt!  xt®
12 36 48 720 40320 5040 120
x" Xt Xt X8 (36)
+ — —
7257600 80640 725760 120960 240
LA A A & A x"
2880 4320 50803200 40320 6227020800
tl} xt” 71x12t7
— + —
6227020800 39916800 2414168064000
x12t8 x12l12 17x13t10
B 275904921600 - 458850656051200 B 112983065395000
xl3[ll xl3t13

1553517149184000 387757880436326

Table I shows that the errors L,,L_ of u(x,#) obtained

by Taylor matrix for N =11,13.
Note that one can get the better approximation for greater

N.

C. Example 3
Consider the Telegraph equation

u, +6u, =% (37)
Under the initial conditions
u(x,0)=sinx, u,(x,0)=0.
1) Adomian decomposition method
Equation (37) can be written in operator as:
0
Lu(x,t)=9L u(x,t) —65 u(x,t) (38)
where
9’ 9
L=—ss[ =2
oo Xt

Lt
Applying the operator -1 = I j ()dtdt to the both sides of
00

(37) we get

u(x,t) =u(x,0)+tu,(x,0)+ L' (9u,, —6u,) (39)

And following the procedure presented before gives

iun (x,¢)=sinx+9L' Kiunj }—614[" KiunJ } (40)

n=0

TABLE I: THE ERRORS L, , [, FOR N =11,13

L2 -error
for N =11

L2 -error
for N =13

t

L -error L -error for

‘oo ‘o

for N =11 N=13

0.0 | 5.353555E-11 1.261076E-11

3.753458E-11 1.228623E-11

0.1 6.943549E-11 2.669647E-11

6.852354E-11 2.578625E-11

0.2 | 7.954889E-10 1.034688E-10

7.042345E-10 9.899627E-11

0.3 | 9.857574E-10 3.571254E-10

9.883465E-10 3.387709E-10

0.4 5.932033E-9 1.078572E-9 6.645354E-9 1.014524E-9
0.5 6.043244E-9 2.949374E-9 7.223548E-9 6.905494E-9
0.6 9.863054E-9 7.474023E-9 5.390324E-9 1.632532E-9
0.7 3.990434E-8 1.780584E-8 8.508245E-8 4.328865E-8
0.8 9.930425E-8 8.303142E-8 6.730634E-8 1.254454E-8
0.9 5.770456E-8 3.323374E-8 5.850347E-8 3.683875E-8
1.0 4.015345E-4 1.897126E-4 7.423408E-8 1.607163E-8

Hence the approximate solution can be obtained as
follows:

u,(x,t)=sinx
And
U (x,0) =L (9u, —6u, ).k>0. A1)

By (41) we have
u,(x,t)=sinx

2

_ t .
u(x,t)=L" (9u0\\ — 6u, ) = —9(2—!) sin x
o . £
w,(x,0) =L, (9u, —6u, )= B1()sinx+ S4()sin x
(=1 (%, —6u, )
t4

=36(tg')sinx—12(34)(§)sinx—4(34)(z')sinx

(42)
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The solution in a series form is given by

. KA A W A
u(x,t)—smx(l—b’t. TR j(1+3t) 43)

=sinx(e™ )(1+37)

which is the exact solution in closed form.
2) Taylor matrix method

Following the procedure in Section III, the fundamental
matrix equation is written as:
{By +6B-(BY}4=G (44)

where (B)?, Band (B are all (100)x(100), (121)x(121) and
(144)x (144) matrices for N =9,11 and 13 respectively.
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TABLE II: ERROR ANALYSIS FOR N =9,11 AND 13

(x,1) ADM=Exact N =9error N =11 error N =13 error
(0,0) 0 0 0 0
(0.1,0.1) 0.0963063686 5.412E-10 5.5405E-15 8.174E-17
(0.2,0.2) 0.1756197235 3.740E-10 6.4303E-13 4.092E-15
(0.3,0.3) 0.2317447060 6.4234E-9 8.1099E-10 7.029E-14
(0.4,0.4) 0.2650509066 4.3203E-8 4.4988E-10 4.649E-12
(0.5,0.5) 0.2789127000 4.8938E-7 5.9815E-9 6.908E-11
(0.6,0.6) 0.2777021322 7.5053E-7 6.3123E-8 5.595E-10
(0.7,0.7) 0.2657304494 2.4530E-6 4.8874E-7 4.2734E-9
(0.8,0.8) 0.2467528329 1.2303E-5 8.5047E-7 8.8852E-8
(0.9,0.9) 0.2237943574 4.4032E-4 5.7235E-6 7.0398E-8
(1,1) 0.1991482735 1.3032E-3 4.6359E-5 4.4952E-6

By taking N=9,11 and 13, we obtain the approximate

solution. A few terms of approximate solution can be given
as:

9xt?  3xt?

6 8 2 32
_LS+ X _ﬁ_}__ 27x°F B 729xt*  729xt _ X't B
120 5040 120 4000 380 140 580

27x%t + 27x%t° + 81xz° _ X' _ xXr B 9x’t’

260 32 16 2464000 22400 2800
14" 27x°" 81x°1" 733141
88309760000 401816000 4404927380 461407360000 °

X 3x°f 3)63t:’+27x}7,‘4

u(x,t)=x-— + -9'x -

7

(45)

Errors are shown in Table II for comparison. As it can be
easily seen, the results are healing by choosing the truncation
limit N greater.

V. CONCLUSIONS

We applied Adomian decomposition method and Taylor
matrix method to solve some well known partial differential
equations. It is observed that these methods can be an
alternative way for the solution of partial differential
equations that have no analytic solutions. In all examples we
show that our methods have a good degree of accuracy. We
give tables to clarify the importance of the choosing
truncation limit N sufficiently large.

Although the two methods provide good approximation,
the decomposition method provides the fast convergent
series of easily computable components and eliminates a lot
of difficult computations required by Taylor matrix method.
Consequently we can say that, Adomian decomposition
method is more reliable and realistic than Taylor matrix
method from the point of view of a practical implementation.
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