
  

  
Abstract—In this paper, a brain tumor growth that is known 

as Glioblastoma Multiforme (GBM) is modeled, which has two 
sub-population; the sensitive tumor cell and the resistant tumor 
cell. Within a single tumor of monoclonal origin, the sensitive 
cell produces another population, the resistant cell population, 
that has more resistance to the drug than the sensitive tumor 
population. In this work, the local and global stability of the 
positive equilibrium point of the constructed system was 
investigated based on specific conditions. The boundedness 
nature and the damped oscillation behavior of the solutions 
were also analyzed. The obtained stability relations depend to 
the growth rates of the tumor population and the drug 
treatment, that was considered in the discussion part of this 
work.  
 

Index Terms—Difference equations, local stability, global 
stability, damped oscillation.  
 

I. INTRODUCTION 
The most severe grade of astrocytic brain tumor 

glioblastoma multiforme (GBM) is one of the deadliest forms 
of human cancer [1]. Within a single tumor of monoclonal 
origin, there can develop multiple sub-populations, each of 
which may be characterized by different growth-rates and 
treatment susceptibilities [2]-[5]. Mathematical approaches 
to tumor treatment offer a perspective that current in vivo/in 
vitro techniques cannot [6]-[7].  

Mathematical approximation for population growth 
involves in some biological situations nonlinear differential 
equations. For an overlapping generation of a single species, 
a model with a differential equation is preferred. If there is a 
non-overlapping generation of a single species, then it is 
convenient to construct a model with a difference equation. 
For both time situations, continuous and discrete, there are 
some population which need the properties of both 
differential and difference equations, where the use of 
piecewise constant arguments come into question. Some 
works about constructing population dynamics in view of the 
time step can be shown in [8]-[13], [14]-[25]. 

In this paper, two sub-population of a GBM, sensitive cells 
and resistant cells, is modeled such as 
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where t ≥ 0 the parameters ߙଵ, ,ଶߙ ,ଵߚ ,ଶߚ ,ଵߛ ,݌ ݀ଵ, ݀ଶ, ܴଵ, ܴଶ,ݎଵ		  and ݎଶ  denote positive numbers and ۤۥݐ   denotes the 
integer part of  ݐ ∈ ሾ0,∞ሻ . p is the division rate of the 
sensitive cells.	ܴଵ and ܴଶ are the capacities of the sensitive 
(including negrotic part) and resistant cell, respectively. It 
can be shown that ߙଵ, ,ଶߙ 		ଵߚ  and ߚଶ  are parameters to 
construct logistic differential equations. ߛଵ is the converting 
rate of sensitive cells to resistant cells. The parameters ݀ଵ and ݀ଶ  are their dead rate caused from drugs, respectively. In 
Section II the local and global stability of the positive 
equilibrium point of system (1) and the boundedness nature 
of the positive solutions were investigated based on specific 
conditions. The damped oscillation behavior of the solutions 
was analyzed in Section III. Examples show the behavior of 
the constructed model. The discussion part in Section V will 
take in account the relation between the growth rate of the 
tumors and the drug treatment. 
 

II. LOCAL AND GLOBAL ASYMPTOTIC STABILITY  
In this section, the local and global stability analysis of the 

positive critical point of system (1) was presented. 
On an interval of the form ݐ ∈ ሾ݊, ݊ ൅ 1ሻ   and taking ݐ → ݊ ൅ 1 one can write the solutions of (1) as 

 

ەۖۖۖ
۔ۖ
ۓۖۖ ሺ݊ݔ ൅ 1ሻ ൌ ሺnሻݔ ∙ ሼ݌ ൅ ଵܴଵݎ െ ሺ݊ݔଵݎଶߙ െ 1ሻ െ ሺ݊ݕଵߛ െ 1ሻ െ ݀ଵݔሺ݊ሻሽሺሼ݌ ൅ ଵܴଵݎ െ ሺ݊ݔଵݎଶߙ െ 1ሻ െ ሺ݊ݕଵߛ െ 1ሻ െ ሺߙଵݎଵ ൅ ݀ଵሻݔሺ݊ሻሽ	expሺെሼ݌ ൅ ଵܴଵݎ െ ሺ݊ݔଵݎଶߙ െ 1ሻ െ ሺ݊ݕଵߛ െ 1ሻ െ ݀ଵݔሺ݊ሻሽሻ ൅ ሺ݊ݕሺ݊ሻ൯ିଵݔଵݎଵߙ ൅ 1ሻ ൌ ሺ݊ሻݕ ∙ ሼݎଶܴଶ െ ሺ݊ݕଶݎଶߚ െ 1ሻ ൅ ሺ݊ሻݔଵߛ െ ݀ଶݕሺ݊ሻሽሺሼݎଶܴଶ െ ሺ݊ݕଶݎଶߚ െ 1ሻ ൅ ሺ݊ሻݔଵߛ െ ሺߚଵݎଶ ൅ ݀ଶሻݕሺ݊ሻሽ∙ expሺെሼݎଶܴଶ െ ሺ݊ݕଶݎଶߚ െ 1ሻ ൅ ሺ݊ሻݔଵߛ െ ݀ଶݕሺ݊ሻሽሻ ൅ ,ሺ݊ሻሻିଵݕଶݎଵߚ

       

(2) 

where hereafter  
 ൜݌ ൅ ଵܴଵݎ െ ሺ݊ݔଵݎଶߙ െ 1ሻ െ ሺ݊ݕଵߛ െ 1ሻ െ ݀ଵݔሺ݊ሻ ് ଶܴଶݎ0 െ ሺ݊ݕଶݎଶߚ െ 1ሻ ൅ ሺ݊ሻݔଵߛ െ ݀ଶݕሺ݊ሻ ് 0.      

(3) 
                

To investigate more about the behavior of (1) we continue 
the analysis, since (2) is a system of difference equations. 
Computations reveal that the positive equilibrium points of (2) 
is 

ߤ ൌ ሺ̅ݔ, തሻݕ ൌ ቆ ሺ݌ ൅ ଵܴଵሻሺ݀ଶݎ ൅ ଶݎଵߚ ൅ ଶሻݎଶߚ െ ଵሺ݀ଵߛଶܴଶݎ ൅ ଵݎଶߙ ൅ ଵሻሺ݀ଶݎଵߙ ൅ ଶݎଶߚ ൅ ଶሻݎଵߚ ൅  ଵଶ, ௥మோమሺௗభାఈమ௥భାఈభ௥భሻାሺ௣ା௥భோభሻఊభሺௗభାఈమ௥భାఈభ௥భሻሺௗమାఉమ௥మାఉభ௥మሻାఊభమቁ             (4)ߛ
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where ߛଵ ൏ ሺ௣ା௥భோభሻሺௗమାఉభ௥మାఉమ௥మሻ2ݎோమ . Hereafter, let 
 ൜ܣ ൌ ݌ ൅ ଵܴଵݎ െ ሺߙଶݎଵ ൅ ݀ଵሻ̅ݔ െ തݕଵߛ ൐ ܤ	0 ൌ ଶܴଶݎ െ ሺߚଶݎଶ ൅ ݀ଶሻݕത ൅ ݔଵ̅ߛ ൐ 0.           (5) 

 
Linearizing (2) about 	ߤ, we obtain 

 

۔ۖەۖ
ଵݑۓ ൌ ሺௗభାఈభ௥భሻexpሺെܣሻିௗభఈభ௥భݑଶ ൌ ఈమሺexpሺെܣሻെ1ሻఈభݑସ ൌ ሻെ1ሻఈభ௥భܣ1ሺexpሺെߛ

۔ۖەۖ ,  
ۓ ଵݒ ൌ ଷݒ2ݎ1ߚሻ൯ܤ1൫1െexpሺെߛ ൌ ሺఉభ௥మାௗమሻexpሺെܤሻെௗమݒ2ݎ1ߚସ ൌ ఉమሺexpሺെܤሻെ1ሻ1ߚ

     (6) 

 
where 
ସߣ  െ ሺݑଵ ൅ ଷߣଷሻݒ ൅ ሺݑଵݒଷ െ ସݒ െ ସݒଵݑଶ ൅ሺߣଶሻݑ ൅ ଷݒଶݑ െ ߣଵሻݒସݑ ൅ ସݒଶݑ ൌ 0.              (7) 
 
is the characteristic equation of (2). 

Theorem 2.1. Let ሺ̅ݔ,  തሻ be the equilibrium point of (2)ݕ
and assume that the conditions ఈమఉమௗభିఈభఉభఈమమఉమାఈభమఉభ ൏ ଵݎ ൏ ௗభఈమାఈభ, 	ݎଶ ൐ ௗమఉమାఉభ and  ఈభఉభఈమఉమ ൏ 	݀ଵ ൏ ሺఈభାఈమሻఉభఈమఉమିఈభఉభ hold,  

where ߙଶ ൐ ఈభ	ଵ and ఈమߙ ൐ ఉభఉమ. If  
 

lnቀ ఈమఉమ௥భ௥మାఈభఉమ௥భ௥మାఉభ௥మௗభାௗభௗమఈభఉభ௥భ௥మାఈభఉమ௥భ௥మାఈమఉభ௥భ௥మାఈమఉమ௥భ௥మାௗభௗమቁ<B     

<ln൬ఈభ1ߚ௥భ2ݎ൅ఈమ2ߚ௥భ2ݎ൅ఈభ௥భௗమା2ୢݎ1ߚభାୢభୢమ
αమβ2୰భr2൅αమβ1୰భr2൅஑భ୰భୢమାୢభୢమ ൰,                (8) 

 
Then the positive equilibrium point of (2) is locally 

asymptotically stable. 
Proof. By the Jury Condition (or Schur-Cohn criteria, see 

[26]) we get that the positive equilibrium point of system (2) 
is locally asymptotically stable if 
 

(a) ݌ሺ1ሻ ൌ 1 െ ሺݑଵ ൅ ଷሻݒ ൅ ሺݑଵݒଷ െ ସݒ െ ଶሻݑ ൅ ሺݑଵݒସ ൅ ଷݒଶݑ െ ଵሻݒସݑ ൅ ସݒଶݑ ൐ 0 
 

(b) ሺെ1ሻସ݌ሺെ1ሻ ൌ 1 ൅ ሺ1ݑ ൅ 3ሻݒ ൅ ሺ3ݒ1ݑ െ 4ݒ െ 4ݒ1ݑ2ሻ െሺݑ ൅ 3ݒ2ݑ െ 1ሻݒ4ݑ ൅ 4ݒ2ݑ ൐ 0 
 

(c) |ݑଶݒସ| ൏ 1 
 

Hold. From (a) and (b), we can write 
 1 ൅ ଷݒଵݑ ൅ ସݒଶݑ ൐ ସݒ ൅  ଶ.                    (9)ݑ

 
Using (6) in (9), we have 

 1 ൅ ቆሺ݀ଵ ൅ ଵሻ݁ି୅ݎଵߙ െ ݀ଵ
αଵrଵ ቇ ቆሺߚଵݎଶ ൅ ݀ଶሻ݁ି஻ െ ݀ଶ

βଵrଶ ቇ ൅ቀఈమሺeെAെ1ሻఈభ ቁ ൬ఉమሺ݁െܤെ1ሻ1ߚ ൰ ൐ ఉమሺ݁െܤെ1ሻ1ߚ  ൅ఈమሺ݁െܣെ1ሻఈభ .       (10) 

By ordering and computing (10), we obtain  

       lnቀ ఈమఉమ௥భ௥మାఈభఉమ௥భ௥మାఉభ௥మௗభାௗభௗమఈభఉభ௥భ௥మାఈభఉమ௥భ௥మାఈమఉభ௥భ௥మାఈమఉమ௥భ௥మାௗభௗమቁ<B 

<ln൬ఈభ1ߚ௥భ2ݎ൅ఈమ2ߚ௥భ2ݎ൅ఈభ௥భௗమା2ݎ1ߚௗభାௗభௗమఈమ2ߚ௥భ2ݎ൅ఈమ1ߚ௥భ2ݎ൅ఈభ௥భௗమାௗభௗమ ൰,             (11) 

where ݎଵ ൏ ௗభఈమାఈభ ൏ ௗభఈమିఈభ, ݎଶ ൐ ௗమఉమାఉభ	and ߙଶ ൐   .ଵߙ

Considering (c), we have  
 ఈమሺ1െ݁െܣሻఈభ ∙ ఉమሺ1െ݁െܤሻ1ߚ ൏ 1                        (12) 

 
where A>0 and B>0. In view of (11), we can write 
ଶሺ݀ଵݎଵߚ  െ ሺߙଶ ൅ ଶݎଵݎଶߚଶߙଵሻݎଵሻߙ ൅ ଶݎଵݎଶߚଵߙ ൅ ଶ݀ଵݎଵߚ ൅ ݀ଵ݀ଶ ൏ 1 െ ݁ି஻ ൏ ఉభ௥మሺௗభିሺఈమିఈభሻ௥భሻఈభ1ߚ௥భ2ݎ൅ఈమ2ߚ௥భ2ݎ൅ఈభ௥భௗమା2ݎ1ߚௗభାௗభௗమ.        (13) 

 
Using (13) in (12), we obtain 

ଶሺ1ߚଶߙ  െ ݁ି୅ሻሺ1 െ ݁ି஻ሻߙଵߚଵ  ൏ ఈమఉమ௥మሺௗభିሺఈమିఈభሻ௥భሻሺ1െ݁െܣሻఈభ൫ఈభ1ߚ௥భ2ݎ൅ఈమ2ߚ௥భ2ݎ൅ఈభ௥భௗమା2ݎ1ߚௗభାௗభௗమ൯ ൏ 1         (14) 

 
which lead us to the inequality 
ଶሺ݀ଵݎଶߚଶߙ  െ ሺߙଶ െ ଶݎଵݎଵߚଵߙଵሺߙଵሻݎଵሻߙ ൅ ଶݎଵݎଶߚଶߙ ൅ ଵ݀ଶݎଵߙ ൅ ଶ݀ଵݎଵߚ ൅ ݀ଵ݀ଶሻ െ 1 ൏ ఈమఉమ௥మሺୢభିሺ஑మି஑భሻ୰భሻఈభ൫ఈభ1ߚ௥భ2ݎ൅ఈమ2ߚ௥భ2ݎ൅ఈభ௥భௗమା2ݎ1ߚௗభାௗభௗమ൯ ݁ି஺. 

 
This is simplify such as 

ଶሺ݀ଵݎଶߚଶߙ  െ ሺߙଶ െ ଵሻݎଵሻߙ െ ଵߙ ൬ ଶݎଵݎଵߚଵߙ ൅ ଶݎଵݎଶߚଶߙ ൅αଵrଵdଶ ൅ βଵrଶdଵ ൅ dଵdଶ൰ ൏ߙଶߚଶݎଶሺ݀ଵ െ ሺߙଶ െ    (15)																				ଵሻ݁ି஺.ݎଵሻߙ
 

Since ఈభఉభఈమఉమ ൏ 	݀ଵ ൏ ሺఈభାఈమሻఉభఈమఉమିఈభఉభ	  
 

And  ஑మఈభ ൐ ఉభఉమ,  
where 
 ఈమఉమௗభିఈభఉభఈమమఉమାఈభమఉభ ൏ ଵݎ ൏ ௗభఈమାఈభ,  
 

The left side of the inequality (15) will be negative. This 
completes the proof. 

Theorem 2.2.   Let ሼሺݔሺ݊ሻ, ሺ݊ሻሻሽ௡ୀ଴ஶݕ  be a positive solution 
of (2). Assume that for n=0, 1,… the conditions 

 

۔ە
ሺ݊ሻݔଵݎଵߙۓ ൏ ݌ ൅ ଵܴଵݎ െ ሺ݊ݔଵݎଶߙ െ 1ሻെߛଵݕሺ݊ െ 1ሻ െ ݀ଵݔሺ݊ሻߚଵݎଶݕሺ݊ሻ ൏ ଶܴଶݎ െ ሺ݊ݕଶݎଶߚ െ 1ሻ൅ߛଵݔሺ݊ሻ െ ݀ଶݕሺ݊ሻ 				         (16) 

 
Holds. The following statements are true.            
All positive solutions of (2) are in the interval   
ሺ݊ሻݔ  ∈ ቀ0, ௣ା௥భோభఈభ௥భ ቁ  
And  
ሺ݊ሻݕ  ∈ ቀ0, ఈభோమ௥భ௥మାఊభሺ௣ା௥భோభሻఈభఉభ௥భ௥మ ቁ.  
The solution of system (2) increase monotonic. 
Theorem 2.3. Let system (2) be 
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,ሺ݊ሻݔ൫ܨ ,ሺ݊ሻݕ ሺ݊ݔ െ 1ሻ, ሺ݊ݕ െ 1ሻ൯ ൌ ൜ݔሺ݊ ൅ 1ሻ ൌ ݂ሺݔሺ݊ሻ, ,ሺ݊ሻݕ ሺ݊ݔ െ 1ሻ, ሺ݊ݕ െ 1ሻሻݕሺ݊ ൅ 1ሻ ൌ ݃ሺݔሺ݊ሻ, ,ሺ݊ሻݕ ሺ݊ݔ െ 1ሻ, ሺ݊ݕ െ 1ሻሻ        (17) 

 
where the first order partial derivatives of the functions f and 
g regard to x and y are continuous in ܫ ⊂ ܴାand f, g:	ܸ ⊂ሺԹାሻସ → ܫ ⊂ ܴା. Furthermore assume that 
ሺ݊ሻݔଵݎଵߙ  ൏ ݌ ൅ ଵܴଵݎ െ ሺ݊ݔଵݎଶߙ െ 1ሻ െߛଵݕሺ݊ െ 1ሻ െ ݀ଵݔሺ݊ሻ                (18) 
 

And ߚଵݎଶݕሺ݊ሻ ൏ ଶܴଶݎ െ ሺ݊ݕଶݎଶߚ െ 1ሻ ൅  ሺ݊ሻ,                         (19)ݕሺ݊ሻ െ݀ଶݔଵߛ
 

That 2ߙଵ ൐ ଶߙ ൐ ,ଵߙ ଵߚ2 ൐ ଶߚ ൐ ଵߛ  ଵ  andߚ ൏ ݀1. If  
 ఈభ௥భ୶ሺ௡ሻଵିఈమ௥భ௫ሺ௡ሻ ൏ ܣ ൏ ln ቀ஺ିఈభ௥భ௫ሺ௡ሻఈమ௥భ஺௫ሺ௡ሻ ቁ,                   (20) 
 

And ఉభ௥మ௬ሺ௡ሻଵିݕ2ݎ2ߚሺ݊ሻ ൏ ܤ ൏ ln ൬஻ିݕ2ݎ1ߚሺ݊ሻݕܤ2ݎ2ߚሺ݊ሻ ൰                    (21) 

 
where ݎଵ ൐ ௗభఈభ, ଶݎ  ൐ ௗమఉభ ሺ݊ሻݔ , ൏ ଵఈమ௥భ  and ݕሺ݊ሻ ൏ ଵఉభ௥మ , then 
(17) has no 2-cycle in	ܫ.   

Proof. For some 
 

۔ۖەۖ
ሺ2ሻݏۓ ൌ ൫ݔሺ1ሻ, ,ሺ1ሻݕ ,ሺ0ሻݔ ሺ3ሻݏ,ሺ0ሻ൯ݕ ൌ ൫ݔሺ2ሻ, ,ሺ2ሻݕ ,ሺ1ሻݔ ሺ2ሻݎ		ሺ1ሻ൯ݕ ൌ ൫ݔሺ1ሻ, ,ሺ1ሻݕ ,ሺ0ሻݔ ሺ3ሻݎ,ሺ0ሻ൯ݕ ൌ ൫ݔሺ2ሻ, ,ሺ2ሻݕ ,ሺ1ሻݔ ,ሺ1ሻ൯ݕ              (22)     

 
A2-cycle will be hold the condition 
 ቐsሺ2ሻ ൌ ݂൫ݏሺ3ሻ൯ ൌ ݂ ቀ݂൫ݔሺ1ሻ, ,ሺ1ሻݕ ,ሺ0ሻݔ ሺ2ሻݎ		ሺ0ሻ൯ቁݕ ൌ ݃൫ݎሺ3ሻ൯ ൌ ݃ ቀ݃൫ݔሺ1ሻ, ,ሺ1ሻݕ ,ሺ0ሻݔ ሺ0ሻ൯ቁݕ .    (23)                   

 
In this case, we must have ׬ ሺ1 ൅ డ௙డ௫௦ሺଷሻ௦ሺଶሻ ሻ݀ݔ ് ׬,0 ሺ1 ൅ డ௙డ௬௦ሺଷሻ௦ሺଶሻ ሻ݀ݕ ് 0		 ׬	  ሺ1 ൅ డ௚డ௫௥ሺଷሻ௥ሺଶሻ ሻ݀ݔ ് 0		  and ׬ ሺ1 ൅௥ሺଷሻ௥ሺଶሻడ௚డ௬ሻ݀ݕ ് 0. This lead us to the following cases: 

 
The partial derivative of ݂ሺݔሺ݊ሻ, ,ሺ݊ሻݕ ሺ݊ݔ െ 1ሻ, ሺ݊ݕ െ1ሻሻ  regard to x(n), x(n-1), y(n) and y(n-1) will give the 

following results: 
For the partial derivative of function f regard to x(n), we 

get 
 1 ൅ ሺ݊ሻݔ߲݂߲ ൌ 1ቀ൫ܣ െ ሺ݊ሻ൯݁ି஺ݔଵݎଵߙ ൅  ሺ݊ሻቁଶݔଵݎଵߙ

ൈ ൛൫ܣ െ ଵݎଵߙሺ݊ሻሺ2ݔሺ݊ሻ൯݁ି஺ݔଵݎଵߙ െ ݀ଵሻ ൅൫ܣ െ ሺ݊ሻ൯݁ି஺ݔଵݎଵߙ ቀ൫ܣ െ ሺ݊ሻ൯݁ି஺ݔଵݎଵߙ െ ݀ଵݔܣሺ݊ሻቁ ൅ߙଵݎଵ൫ݔሺ݊ሻ൯ଶሺߙଵݎଵ െ ݀ଵሻ ൅ ൫ܣ െ ଵݎଵߙeି஺ ൅ሺܣሺ݊ሻ൯ݔଵݎଵߙ ൅ ݀ଵሻݔܣሺ݊ሻ݁ି஺ሽ.                     (24) 
 

Since ݎଵ ൐ ௗభఈభ, if 

 ൫ܣ െ ሺ݊ሻ൯݁ି஺ݔଵݎଵߙ െ ݀ଵݔܣሺ݊ሻ ൐ 0,            (25)  
  

Then 1 ൅ డ௙డ௫ሺ௡ሻ ൐ 0 . The inequality (25) leads to the 
condition 
 ఈభ௥భ௫ሺ௡ሻଵିௗభ௫ሺ௡ሻ ൏ ܣ ൏ ln ቀ஺ିఈభ௥భ௫ሺ௡ሻௗభ஺௫ሺ௡ሻ ቁ,                     (26) 

 
where ݔሺ݊ሻ ൏ ଵௗభ. Showing the partial derivative of function f 

regard to x(n-1), give that 1 ൅ డ௙డ௫ሺ௡ିଵሻ ൐ 0,  if 

 ఈభ௥భ௫ሺ௡ሻሺఈమିఈభሻఈమ ൏ ܣ ൏ ln ቀ αమ୅ఈభ௥భ௫ሺ௡ሻሺఈమିఈభሻቁ               (27) 
 

And 
ሺ݊ሻݔ1ݎ2ߙሺ݊ሻଵିݔ1ݎ1ߙ  ൏ ܣ ൏ ln ቀ஺ିݔ1ݎ1ߙሺ݊ሻݔܣ1ݎ2ߙሺ݊ሻ ቁ,                     (28) 
 

where 21ߙ ൐ 2ߙ ൐ α1 and xሺnሻ ൏ ଵ
αమ୰భ. Considering both (27) and 

(28), since αଶ ൐ αଵ, we get 
ଶߙሺ݊ሻሺݔଵݎଵߙ  െ ଵሻߙ

αଶ ൏ ሺ݊ሻ1ݔଵݎଵߙ െ ሺ݊ሻݔଵݎଶߙ ൏ ൏ ܣ ln ቀ஺ିఈభ௥భ௫ሺ௡ሻఈమ௥భ஺௫ሺ௡ሻ ቁ ൏ ln ቀ ఈమ஺ఈభ௥భ௫ሺ௡ሻሺఈమିఈభሻቁ.             (29)  
 

The partial derivative of function f regard to y(n) leads to 
1൅ డ௙డ௬ሺ௡ሻ ൌ 1 ൐ 0	. At last, we can write 
 1 ൅ ሺ݊ݕ߲݂߲ െ 1ሻ ൌ 1ቀ൫ܣ െ ሺ݊ሻ൯݁ି஺ݔଵݎଵߙ ൅  ሺ݊ሻቁଶݔଵݎଵߙ

ൈ ൛൫ܣ െ ሺ݊ሻ൯݁ି஺ݔଵݎଵߙ ቀ൫ܣ െ ሺ݊ሻ൯݁ି஺ݔଵݎଵߙ െ ଵݎଵߙሺ݊ሻ൯ଶሺݔଵ൫ݎଵߙሺ݊ሻቁ ൅ݔܣଵߛ െ ܣଵሻ ൅൫ߛ െ ଵݎଵߙሺ݊ሻሺ2ݔሺ݊ሻ൯ ݁ି஺ݔଵݎଵߙ െ ଵሻߛ ൅  ሺ݊ሻ݁ି஺ሽ.        (30)ݔܣଵߛ
 

Since ݔሺ݊ሻ ൏ ଵఊభ and ݎଵ ൐ ఊభଶఈభ, if  
 ఈభ௥భ௫ሺ௡ሻଵିఊభ௫ሺ௡ሻ ൏ ܣ ൏ ݈݊ ቀ஺ିఈభ௥భ௫ሺ௡ሻఊభ஺௫ሺ௡ሻ ቁ,                 (31) 

 
Then we get 1 ൅ డ௙డ௬ሺ௡ିଵሻ ൐ 0. Taking in view (26), (29) 

and (31), we obtain 
ሺ݊ሻ1ݔ1ݎ1ߙ  െ ሺ݊ሻݔ1ߛ ൏ ሺ݊ሻ1ݔ1ݎ1ߙ െ ሺ݊ሻݔ1݀ ൏ ሺ݊ሻ1ݔ1ݎ1ߙ െ ሺ݊ሻݔ1ݎ2ߙ ൏ ൏ ܣ ݈݊ ቀ஺ିݔ1ݎ1ߙሺ݊ሻݔܣ1ݎ2ߙሺ݊ሻ ቁ<	݈݊ ቀ஺ିݔ1ݎ1ߙሺ݊ሻ݀1ݔܣሺ݊ሻ ቁ ൏ ݈݊ ቀ஺ିݔ1ݎ1ߙሺ݊ሻݔܣ1ߛሺ݊ሻ ቁ         (32) 

 
where ߛଵ ൏ ଵݎ ,1݀ ൐ ௗభఈమ ൐ ఊభఈమ 	and		ݔሺ݊ሻ ൏ ଵఈమ௥భ ൏ ଵௗభ ൏ ଵఊభ	. 
 

The partial Derivative of  ݃ሺݔሺ݊ሻ, ,ሺ݊ሻݕ ሺ݊ݔ െ 1ሻ, ሺ݊ݕ െ1ሻሻ regard to  x(n), x(n-1), y(n) and y(n-1) will give the 
following results: For  1 ൅ ሺ݊ሻݕ߲߲݃ ൌ ଶݎଵߚሺ݊ሻ൯ଶሺݕଶ൫ݎଵߚ െ ݀ଶሻ ൅ ൫ܤ െ  ሺ݊ሻ൯ݕଶݎଵߚ
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݁ି஻ݕሺ݊ሻሺ2ߚଵݎଶ െ ݀ଶሻ ൅ ൫ܤ െ ܤሺ݊ሻ൯݁ି஻ ቀ൫ݕଶݎଵߚ െ ሺ݊ሻ൯݁ି஻ݕଶݎଵߚ െ ݀ଶݕܤሺ݊ሻቁ ൅ ሺߚଵݎଶ ൅ ݀ଶሻ݁ି஻ݕܤሺ݊ሻ ൅ܤ൫ܤ െ  , ሺ݊ሻ൯݁ି஻ݕଶݎଵߚ
if  
 ఉభ௥మ௬ሺ௡ሻଵିௗమ௬ሺ௡ሻ ൏ ܤ ൏ ln ቀ஻ିఉభ௥మ௬ሺ௡ሻௗమ஻௬ሺ௡ሻ ቁ,                (33) 

 
where ݎଶ ൐ ௗమఉభ and ݕሺ݊ሻ ൏ ଵௗమ, then one can obtain 

1 ൅ డ௚డ௬ሺ௡ሻ ൐ 0.     
Considering  

 1 ൅ ሺ݊ݕ߲߲݃ െ 1ሻ ൌ ቀܤെ ሺ݊ሻቁݕ2ݎ1ߚ ݁െܤ ቀ൫ܤ െ ሺ݊ሻ൯݁ି஻ݕଶݎଵߚ െ ଵߚሺ݊ሻଶሺݕଶଶݎଵߚሺ݊ሻቁ ൅ݕܤଶݎଶߚ െ ଶሻߚ ൅ ܤሺ݊ሻ ൅൫ݕܤଶ݁ି஻ݎଶߚ െ ଵߚଶሺ2ݎሺ݊ሻݕሺ݊ሻ൯݁ି஻ݕଶݎଵߚ െ  , ଶሻߚ
 

We obtain that since 2ߚଵ ൐ ଶߚ ൐ ሺ݊ሻݕ ଵ andߚ ൏ ଵఉభ௥మ, if 
 ሺஒమିஒభሻஒభ୰మ୷ሺ୬ሻஒమ ൏ ܤ ൏ ݈݊ ቀ ஒమ୆ሺஒమିஒభሻஒభ୰మ୷ሺ୬ሻቁ          (34) 

 
And 

 ఉభ௥మ௬ሺ௡ሻଵିఉమ௥మ௬ሺ௡ሻ ൏ ܤ ൏ ln ቀ஻ିఉభ௥మ௬ሺ௡ሻఉమ௥మ஻௬ሺ௡ሻ ቁ,              (35) 
 

Then 1 ൅ డ௚డ௬ሺ௡ିଵሻ ൐ 0. Considering both (34) and (35), since  ߚଶ ൐  ଵ, we obtainߚ
 ሺߚଶ െ ଶߚሺ݊ሻݕଶݎଵߚଵሻߚ ൏ ሺ݊ሻ1ݕଶݎଵߚ െ ሺ݊ሻݕଶݎଶߚ ൏ ൏ ܤ ln ቀ஻ିఉభ௥మ௬ሺ௡ሻఉమ௥మ஻௬ሺ௡ሻ ቁ ൏ ln ቀ ఉమ஻ሺఉమିఉభሻఉభ௥మ௬ሺ௡ሻቁ.         (36) 
 

Showing similarly 1 ൅ డ௚డ௫ሺ௡ሻ and 1 ൅ డ௚డ௫ሺ௡ିଵሻ	, one can see 
that both are always positive. Considering at last (33) and 
(36), we get 
 ఉభ௥మ௬ሺ௡ሻଵିௗమ௬ሺ௡ሻ ൏ ఉభ௥మ௬ሺ௡ሻଵିఉమ௥మ௬ሺ௡ሻ ൏ ܤ ൏ ln ቀ஻ିఉభ௥మ௬ሺ௡ሻఉమ௥మ஻௬ሺ௡ሻ ቁ ൏ln ቀ஻ିఉభ௥మ௬ሺ௡ሻௗమ஻௬ሺ௡ሻ ቁ, 
 
where ݎଶ ൐ ௗమఉభ ൐ ௗమఉమ and ݕሺ݊ሻ ൏ ଵఉభ௥మ ൏ ଵௗమ. 
 

Some additional assumptions of (18) are needed to verify 
global asymptotic stability for the positive equilibrium point ሺ̅ݔ,  .തሻݕ

f and g are continuous functions. 
 ݂:	 ൬0, ݌ ൅ ଵݎଵߙଵܴଵݎ ൰ ൈ ቆ0, ଶݎଵݎଵܴଶߙ ൅ ݌ଵሺߛ ൅ ଶݎଵݎଵߚଵߙଵܴଵሻݎ ቇ→ 	൬0, ݌ ൅ ଵݎଵߙଵܴଵݎ ൰ ݃:	 ൬0, ݌ ൅ ଵݎଵߙଵܴଵݎ ൰ ൈ ቆ0, ଶݎଵݎଵܴଶߙ ൅ ݌ଵሺߛ ൅ ଶݎଵݎଵߚଵߙଵܴଵሻݎ ቇ 

→ ቆ0, ଶݎଵݎଵܴଶߙ ൅ ݌ଵሺߛ ൅ ଶݎଵݎଵߚଵߙଵܴଵሻݎ ቇ 

 
Corollary 2.1. Let ሺ̅ݔ,  തሻ be a positive equilibrium pointݕ

of system (2). Suppose that Theorem 2.1-Theorem 2.3 hold. 
Then the positive equilibrium point of system (2) is globally 
asymptotically stable. 
 

III. OSCILLATION 
In this section is the damped oscillation behavior of the 

solutions of system (2) was considered.  
Theorem 3.1. Let ሼሺݔሺ݊ሻ, ሺ݊ሻሻሽ௡ୀ଴ஶݕ  be a positive 

solution of system (2). Assume that 
ሺ2݊ሻݔଵݎଵߙ  ൏ ݌ ൅ ଵܴଵݎ െ ሺ2݊ݔଵݎଶߙ െ 1ሻ െ ሺ2݊ݕଵߛ െ 1ሻ െ݀ଵݔሺ2݊ሻ ൏ ݈݊ ቀ௫ሺଶ௡ିଵሻ௫ሺଶ௡ሻ ቁ           (37) 

And 
ሺ2݊ሻݕଶݎଵߚ  ൏ ଶܴଶݎ െ ሺ2݊ݕଶݎଶߚ െ 1ሻ ൅ ሺ2݊ሻݔଵߛ െ݀ଶݕሺ2݊ሻ ൏ ݈݊ ቀ௬ሺ௡ିଵሻ௬ሺ௡ሻ ቁ                (38) 

 
Hold, where ݎଵ ൐ ௗభఈమ and ݎଶ ൐ ௗమఉమ	.	 If    

ሺ2݊ሻݔ       ൏ ݔ̅ ൏ ሺ2݊ݔ െ 1ሻ  
 

And  
ሺ2݊ሻݕ  ൏ തݕ ൏ ሺ2݊ݕ െ 1ሻ                   (39) 
 

Then the solution of (2) has damped oscillations. 
 

 
Fig. 1. Local stability of the solutions of system (2.2). 

 

IV. EXAMPLE 
The values of the parameters of (2.2) are as selected as 

given in [9] and in view the obtained results.  p=0.192 give 
the division rate of the sensitive cells. ܴଵ ൌ 0.42 ൈ 38ଶ ଷൗ ൌ4.704 Is the carrying capacity of the negrotic and sensitive 
cells together, ܴଶ ൌ 0.11 ൈ 38ଶ ଷൗ ൌ 1.232 give the carrying 
capacity of the resistant tumor population. The mutation rate 
of the sensitive cells to resistant cells is in the interval ሾ10ିହ, 10ିଶሿ . In [9] the parameters for the resistant 
population is given as ߚଵ ൌ 0.05 and ߚଶ ൌ 0.2. The same 
parameters are used for the resistant tumor population. The 
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sensitive tumor cells have population rates in the interval ሾ0.5, 0.95ሿ, which lead to select ߙଵ ൌ 0.51 and ߙଶ ൌ 0.555. 
The causes of drug treatment to the sensitive and resistant 
cells are selected as ݀ଵ ൌ 0.6 and ݀ଶ ൌ 0.006, respectively. 
Both populations have different population rates. In this 
example a relation between both population are constricted 
such as ݎ ൌ ଵ and ሺ1.05ሻݎ ൈ ݎ ൌ   Fig. 1 and Fig. 2 show	ଶ.ݎ
the behavior of the sensitive and resistant tumor cells in view 
of the conditions of Theorem 2.1. The mutation rate is 
selected ߛଵ ൌ 0.01.  

 

 
Fig. 2. Unstable behavior of the solutions of system (2.2). 

 
To verify the conditions in Theorem 2.3, the parameter βଵ 

is selected as ߚଵ ൌ 0.15  and ݎ ൌ ଵݎ ൌ 0.08.  The global 
behavior of the tumor population can be shown in Fig. 3. 

 

 
Fig. 3. Global asymptotic stability of the solution of system (2.2). 

 

 
Fig. 4. Damped oscillation behavior of the solutions of system (2.2). 

 
In view of Theorem 3.1, the growth rate is selected as ݎ ൌ ଵݎ ൌ 1.09 and ߚଵ ൌ 0.05. The obtained behavior can be 

shown in Fig.  4.  

Fig. 5 and Fig. 6 show the bicurcation diagram of the 
tumor population where the mutation rate changed. The red 
and the blue graph sembolize the sensitive cells 
population	ሺݔሺݐሻሻ and the resistant cells population ሺݕሺݐሻሻ,	 
respectively.  

 

 
Fig. 5. Bifurcation diagram of the solutions of system (2.2). 

 

 
Fig. 6. Bifurcation diagram of the solutions of system (2.2). 

 

V. CONCLUSION  
To consider the model in (1), its solution (2) has been 

studied as a difference equation system. In section 2, the local 
and global asymptotic stability of the positive equilibrium 
point of system (2) was studied in Theorem 2.1-Theorem 2.3 
and Corollary 2.1. Theorem 3.1 gives information of the 
damped oscillation behavior of system (2). It can be shown 
that with the mutation rate ߛଵ ൌ 0.00001  after a certain 
population rate a resistant tumor population occurs over the 
wall of the sensitive cells. Furthermore, if the mutation rate is ߛଵ ൌ 0.01, then the resistant tumor population will cover the 
sensitive tumor cells. It is interesting to see that for the local 
and global stability a relation between the growth rates and 
the drug treatment is obtained. 

This work shows investigations of the behavior of the 
tumor growth GBM. Future works will include studies about 
the stability of GBM in view of the density.  
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