
  
Abstract—two major kinematic hardening models are 

employed in this article to study the behavior of Euler-Bernoulli 
beams by a finite element formulation of the plasticity problem. 
The proposed finite element formulation uses a variable 
stiffness matrix in each incremental step reflecting the yield 
surface movement. Moreover, complete formulation is 
presented for both load and deformation controlled cases.  
Examples are worked out for the Ziegler-Prager and the 
Armstrong-Frederick theories, to show the stress-strain 
behavior under cyclic symmetric and asymmetric flexural 
loading. The results have been graphically illustrated in plots of 
the stress-strain curves and are compared to the published and 
experimental ones. It was observed that Ziegler-Prager theory 
for isotropic cases with symmetric and asymmetric loading 
conditions. The presented simulation results confirm that the 
anisotropic cases with symmetric loading exhibit a ratcheting 
response. While the results show agreement with published 
ones; it was also observed that the two kinematic hardening 
theories do not show similar responses of reverse plasticity or 
ratcheting for Euler-Bernoulli beams in all the example cases. 
 

Index Terms— Classical beams, Cyclic loading, Kinematic 
hardening, Ratcheting, Reverse plasticity 
 

I. INTRODUCTION 
Most studies in plasticity behavior of various elements 

have been carried out based on isotropic and kinematic 
hardening approaches. Hardening of any engineering 
material under plastic deformation is an indication that yield 
function F  is not invariable, but is a function of stress 
tensor components ijσ  and strains as well as loading history 

and path [1]. Ueda and Yamakawa proposed a yield function 

in [2] without the effect of creepε& . Materials which possess 
hardening quality require an increase in the applied stresses 
in order to undergo additional plastic deformations. This 
behavior is a result of changes in the plastic potential 
function as described in [3] and [4]. It has conclusively been 
shown that the yield function can be expressed as variables 
such as temperature, strain rate or creep, and applied stress, 
as well as work hardening parameter K which is in turn a 
function of plastic strains [5], [6], [7]. Several experimental 
results and analytical approaches confirm that the differential 
of plastic strain p

ijdε  is directly proportional to the 
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differential of the plastic potential function as follow in case 
of no yield surface movement:  
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In which λd  is a scalar and could be experimentally 
determined. This value is also subject to change during the 
loading process and related to the equivalent plastic strain 
and effective stress. Differential plastic strain in case of the 
yield surface movement is mathematically described as (2) 
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In (2) ijih aS , are stress and back stress deviatoric tensors 

respectively [8] and [9]. Several hardening theories are 
available as presented in [10] and [11] for the movement of 
yield surface and plastic characteristics of materials among 
which Ziegler-Prager and the Armstrong-Frederick are the 
most practiced ones. Prager expressed a hardening theory 
[12], which with Ziegler’s modification [13], forms a 
hardening law that has found wide applications. 
Armstrong-Frederick argued for a yield surface movement 
scheme in [14] depending on material properties in which 
total plastic strain in the previous load step calculations is 
accumulated and considered. This model is practically 
studied in [15] and [16] and employed in the presented paper 
as a kinematic hardening model.  Under cyclic loading, when 
the accumulated total deformation results in strains larger 
than certain limits, a phenomenon known as ratcheting 
occurs. Ratcheting behavior leads to eventual structural 
breakdown as related investigations in [17] and [18] 
substantiate this matter from different aspects and diverse 
loading conditions. In anisotropic material tests under cyclic 
loading, one of the causes of ratcheting is the different 
behavior of material in tension and compression, which is 
numerically simulated here in section IV for the variable 
stiffness matrix of the beam finite element model. This 
procedure is introduced when there is a difference between 
material's strain hardening curves in tension and compression 
tests. On the other hand, when the net complete cycle total 
deformation is zero, reverse plasticity occurs as presented in 
this article for various flexural loading conditions. This paper 
has been divided into four sections. The first section deals 
with introduction of plasticity, cyclic loading, and kinematic 
hardening theory. Succeeding sections focuses on finite 
element modeling of the classical beams, thermo 
elastic-plastic stress analysis of beams, and numerical 
simulation of the proposed method respectively followed by 
discussion and conclusion. 
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II. FINITE ELEMENT MODEL OF THE EULER-BERNOULLI 
BEAMS 

This chapter describes the finite element modeling and 
characterization of classical beams and associated stiffness 
matrix definition. Classical beams theory assumes plane 
sections perpendicular to the beam axis, remain plane and 
perpendicular to it as described in [19]. As a result, 
displacement components can be written as: 
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Consider a beam element with four degrees of freedom 
under shear and bending actions. Beam element 
displacement is related with element shape functions ][ eN  
and nodal displacements }{ eU  as shown in (4).  
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Shape functions in the above equation are specified by 
boundary conditions implementation. Assuming distributed 
load { })(xq  , boundaries s  where the forces are applied, and 
body forces }{X  acting on the element, the { })(ef matrix is 
mathematically described in (5) and can be simplified further 
to the following form with the assumption of linear element 
and normally distributed load.  
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Moreover, equilibrium equation takes the following form, 
in which [ ]C  represents the matrix of elastic moduli, in one, 
two, or three dimensional forms whichever the case may be. 
This results into the relation between assembled general 
stiffness matrix, deformations and load matrix as identified in 
[20]. 

{ } [ ] [ ][ ] { } [ ]{ }UKUdVBCBf e
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In which [ ]eK  is the stiffness matrix for the beam element 
and will be variable in the elastic-plastic region. 

 

III. ELASTIC-PLASTIC STRESS ANALYSIS  
This section deals with Elastic-Plastic stress analysis of 

elements and implementation of kinematic hardening 
phenomena in associated matrix solutions. Elastic-plastic 
stiffness matrix for each element is obtainable by applying 
variational methods to minimize the potential energy. It is 
numerically demonstrated in (7).  
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Elastic-plastic modulus [ ]epC  is employed for 

determination of each element's stiffness matrix. The 
differential thermal load which is a function of the thermal 
effects, strain-rate-dependent material properties, and 
differential mechanical load expression are employed to 
assemble the load matrix. Displacements of each element and 
element strains are then computed using shape functions. 
Element strains are executed to define stresses thru the 
constitutive relations. Convergence of the computed 
displacement in each increment is checked versus the 

assumed criterion and the step is repeated if necessary.  
This section can best be treated under two headings: 

derivation of elastic-plastic stiffness matrix and kinematic 
hardening model assumption.  

A. Elastic-plastic stiffness matrix 
As previously stated, yield function can be expressed as a 

function of variables such as temperature, strain rate or creep, 
and applied stress, as well as work hardening parameter K 
which is in turn a function of plastic strains 

{ } ),,,( εσ &TKFF =  (8) 

The observed correlation between plastic potential 
function and the above mentioned parameters in (8) results in 
dependency of element's elastic-plastic deformation to 
temperature changes, and strain rate ofε&  as stated in (1). The 
following clause focuses on elastic-plastic modulus 
calculation to be employed in elements' variable stiffness 
matrix (7). Assembled stiffness matrix for the generalized 
form of analysis leads to calculation of displacements and 
total strain components successively. Effects of kinematic or 
isotropic hardening, temperature, and strain rate must also be 
taken into account for estimation of plastic potential function 
as stated in [21] and [22]. Therefore, chain differentiated 
form of plastic potential function results in: 
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Since the hardening parameter K, indicates the plastic 
work done on the solid while the plastic deformation takes 
place, the second term of right hand of (9) can be written in 
terms of the plastic strain{ }Pdε . This term is computed from 
the following relationship:  
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Second deviatoric stress invariant 2J and equivalent stress 

eqσ are introduced in (10) for estimation of plastic potential 

function variation respect to the hardening parameter. On the 
other hand, 

K
eq

∂
∂σ  is obtainable from the work done dK  on the 

element undergoing plastic deformation based on the plastic 
strain energy as: 

eqeq

p
eq

p
eq

eqeq HH
dK

d
K σσ

ε
ε
σσ

==
∂
∂

=
∂

∂ 1
 

(11) 

Thermo-elastic-plastic differential strains in a solid are 
expressed in (12): 

{ } { } { } { } { } { }PTeTee δεδεδεδεδεδε ε ++++= &,,
 (12) 

In which { }eδε and { }Pδε are elastic and plastic strain 

components. { }Te,δε  and { }εδε &,e  are material's strain change 

characteristics which are subject to creep and temperature. 
Matrix notation of the Hooke’s law stress-strain relationship 
with consideration of plastic deformation is given as: 

{ } [ ] { } { } { } { } { }( )PTeTee dddddCd εεεεεσ ε −−−−= &,, (13) 

Elastic-plastic constitutive relation for each element is 
introduced in (14):  

[ ] [ ] [ ]Peep CCC −=  (14) 
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In the above relation, matrix [ ]eC  is the known elastic 
component, whiles the plastic part is related to both the yield 
function and elastic component as bellow: 
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Using expression (11) in (10) the term 
K
F

∂
∂  is determined. 

Thus the fundamental thermo-elastic-plastic relationship 
takes the following shape: 
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For the purpose of analysis, the following equation known 
as Ludwick type of axial plastic stress-strain curve is 
considered. 

n
pY mεσσ +=  (18) 

Variations in the partial plastic strain are contributed to the 
yield surface movement and related kinematic hardening 
models which will be described in the following subsection. 
This partial strain is essential for determination of 
elastic-plastic stress tensor as illustrated in (17). 

B. Kinematic hardening model 
Section II and the previous part of this section was 

introduced to lay out the theoretical dimensions of the finite 
element approach and also concentrates on taking out a 
reliable routine for elastic-plastic modulus determination 
without kinematic hardening assumption. Afterwards, this 
section is contributed to determination of partial yield surface 
movement and its correlation with the accumulated yield 
surface movement and stress tensor. Bauschinger’s property 
indicates that in metals under cyclic loading, a strain 
hysteresis loop is exhibited [22] and [23]. This characteristic 
is employed in this research and the following equation 
shows relation between differential yield surface movement 
and current stress status 
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Coefficient μd  is demonstrated as follows with tensor 
notation 
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As a consequence of the Prager’s modified model, the 
following equation represents numerical description of the 
yield surface movement respect to the plastic differential 
strains 

( ) P
ijij dTCd εεα &,=  (21) 

In which ijα  is the yield surface movement tensor, 

( )ε&,TC  is a property of the material obtainable from its stress 
strain curve [24] and P

ijdε  is the plastic strain component. 

Thus the plastic potential function F must be corrected to 
take into consideration the yield surface movement in the 
hardening behavior of the material. Such correction is 
performed in the stiffness matrix of the elements in each step 
of the finite element analysis process developed above. 
Employing elastic-plastic modulus [ ]epC  in the variable 

stiffness matrix containing loading history and plastic 
deformations has been characterized as an influential 
parameter for fast estimation of plastic deformations in each 
loading step satisfying convergence criteria. In the modified 
Prager rule, coefficients C , and H  are obtained from a 
unidirectional test by the following equations: 
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The quantities C  and H  used in each finite element 
solution step would be variable due to H and must be 
computed for each load step. Then the stress differential in 
each step of the solution process, and for every element can 
be computed from (17). The accumulation of such stress 
differentials leads to the stress strain variations which are 
exhibited as plots in the Results and Discussion section. In 
case of the Armstrong-Fredrick theory, a similar approach is 
undertaken [25]. In this case the movement of the yield 
surface is computed from the following: 

p
eqij

p
ijij dCdd εγαεα −=  (23) 

In the above relation C,γ  are material constants for this 
model obtainable from the uniaxial strain-controlled 
hysteresis curve. All the steps outlined for the modified 
Ziegler-Prager approach to find the expression for 
movement of yield surface can be repeated for this theory in a 
similar manner. The C  quantities for each loading or 
unloading iteration cycle of the Armstrong-Fredrick model 
are obtained from H  depending on the sign of p

xdε . For 

positive p
xdε , it is calculated by  

xH γα+  and for negative 
p
xdε  in unloading it is

xH γα− .  
Disadvantages of the presented approach for matrix 

estimations can be discussed under two headings, which are: 
large accumulated errors produced by high orders of stress 
values and low speed of tensor calculation for each load step. 
This drawback could be omitted by implementation of lower 
order values for stress and back stress tensors with 
normalization. In order to reduce the numerical order of 
stresses and strains in iterations, dimensionless quantities are 
introduced to enhance the accuracy and improve the rate of 
convergence. The dimensionless differential plastic strain 
and stress are normalized with respect to the yield strain and 
stress respectively as demonstrated in (24). 
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Therefore, normalized differential plastic strain tensor 
according to the yield surface movement can be expressed as: 

)(
2
3

ijdijd
pp

ij aSdede −=   
(25) 

In which ijda  is dimensionless back stress deviatoric 
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tensor. Normalized translated stress tensor{ }*
dσ , calculated 

by { } { }dd ασ −  and translated deviatoric stress tensors{ }*
dσ , 

which could be explained by { } { }mdd σσ −*  are used to get the 

normalized variable elastic-plastic stiffness matrix. 
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dSp appears in dimensionless form of its original 
expression in (27) which is now computed using the 
normalized elastic stiffness matrix, modulus of elasticity, 
dimensionless stresses, and deviatoric stresses in each 
increment. 
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The dimensionless form of the yield surface movement in 
the two above mentioned kinematic hardening models, 
Ziegler-Prager and Armstrong- Fredrick, can be expressed 
as follows respectively: 
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Various loading conditions such as deformation controlled 
and flexural loading controlled, and their effects on the 
element behavior are discussed in the following section 

 

IV. RESULTS AND DISCUSSION  
This study set out with the aim of variable stiffness matrix 

and employing dimensionless parameters to analyze the 
cyclic loading behavior of beams. This section provides 
results of the above mentioned approach for various loading 
conditions. The relevance of kinematic hardening models 
(Ziegler-Prager and Armstrong-Frederick in this article) is 
clearly supported by the current findings The following 
figures represent the axial stress-strain curves for two cases 
of deformation-controlled, and flexural load-controlled, for 
both yield surface movement theories namely Prager’s as 
modified by Ziegler, and the Armstrong-Frederick’s on the 
classical beams. These results are checked against published 
results and some experimental tests for correctness.  

The first set of analysis examined the effect of solution 
method on the elastic-plastic behavior of elements. Fig. 1 
illustrates the correlation between solution methods with the 
plot of effective stresses versus axial strains. The flexural 
moment applied was 3400 N.m. 

Fig. 1. Results of successive approximation method based on Prager’s 
model and proposed FEM using Ziegler-Prager model. 

Results are checked and compared with the plastic solution 
by the successive approximation method presented in [25]. m 
coefficient and n power in (18) for plastic strain are taken 
as 5.0,896 == nMpam . Furthermore, the modulus of 
elasticity and yield stress are taken as GpaE 193= , 

Mpay 193=σ . An implication of the finding from Fig. 1 is 

that the successive approximation method though using the 
unmodified Prager model indicates a lower axial strain in 
this case. Results for various kinematic hardening models 
including Ziegler-Prager and two Armstrong-Frederick 
schemes are graphically demonstrated in Fig. 2 which 
confirms uniformity of these methods within a specified 
strain margin. 

 
Fig. 2. Comparison of yield surface movement models. 

As a consequence of implementing finite element method 
and variable stiffness matrix in this article, it appears that 
Armstrong-Frederick’s method predicts lower equivalent 
stress which depends on the kinematic hardening 
characteristics. Fig. 3 demonstrates classical beam 
undergoing plastic stress. Loading is deformation controlled 
in the range of %5.00 << totalε . Other physical characteristics 
of the two example beams as given in the figure are exactly 
alike.  

Fig. 3. Comparison of the behavior of Timoshenko beam with 
Euler-Bernoulli for strain controlled loading 

 

Fig. 4. Cyclic flexural loading with finite axial strain on Euler-Bernoulli 
beam; comparison of two models. 

Fig. 4 depicts deformation controlled loading on EB beam 
representing two Prager models' results. These differences 
can be explained in part by proximity of two models except 
the Ziegler modifications mentioned in (17) and (18). These 
results are consistent with those of Hassan and Kyriakides 
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studies in [9] and suggest that both models exhibit revered 
plasticity. This experiment is performed on a CS1020 steel 
beam with GpaE 2.173= , and yield stress 
of MpaY 241=σ , 35.0,2631 == nMpam  taken for the axial 
stress strain relation. 

In Fig. 5 Euler-Bernoulli model undergoes cyclic flexural 
loading for two kinematic hardening models. Impose loading 
is employed to get axially asymmetric deformation 

%1.0%5.0 tox −=ε  for the same CS1020 material. The 
mean axial strain is not zero, and the curve confirms reverse 
plasticity. 

Fig. 6 shows the results for deformation controlled flexural 
loading with non-zero mean stress. Although the mean 
applied stress is non-zero, the stress strain curve suggests 
reverse plasticity behavior, which is consistent with the 
results in [25]. 

Fig. 5. Cyclic loading results on the beam with non-zero mean axial strain; 
comparison of Prager’s, and its modified model. 

Fig. 7 shows the results for flexural cyclic loading and 
unloading, using the modified Prager model with 
consideration of anisotropy in material property.  

 
Fig. 6. Flexural loading on beam with non-zero mean stress. 

In Fig. 7 there is a clear trend of strain due to anisotropy 
effect during cyclic loading which results in ratcheting. 

Fig. 7. Behavior of Euler-Bernoulli beam under cyclic flexural loading based 
on Prager and Ziegler-Prager models with material anisotropy. 

The coefficients nm,  are therefore different in loading 
and unloading, causing unequal slopes in the plastic zone. 
The values used for loading phase are 

35.0,2631 == nMpam , and for the unloading 
phase 37.0,3136 == nMpam . The stress strain curves in Fig. 7 
are comparable to the curves in [25] and [26] for the axial 
cyclic loading with zero mean stress which indicates 
ratcheting behavior for the mentioned type of loading and the 
same material properties. 

Fig. 8 shows the Armstrong-Frederick model under 

deformation controlled symmetric loading i.e. zero mean 
strain. In case of asymmetric flexural cyclic load application 
on an Euler-Bernoulli beam, using the Armstrong-Frederick 
yield surface movement theory, the finite element procedure 
used herein predicts a ratcheting behavior.  

Fig. 8. Cyclic loading behavior for axial strain with zero mean, for a 
Frederick-Armstrong model . 

Results for flexural loading on an Euler-Bernoulli beam 
with zero mean stress using Armstrong-Frederick yield 
surface movement model is shown in Fig. 9. The flexural 
loading is symmetric, and the results indicate a reversed 
plasticity behavior which is consistent with results of [20] 
and [25].  

 
Fig. 9. Behavior of classical beam under symmetric cyclic loading. 

In case of flexural stresses with non-zero mean, cyclic 
increase in the strains would ultimately cause failure of the 
beam. 

 
Fig. 10. Cyclic strain increase under asymmetric flexural loading based on 

Armstrong-Frederick yield surface movement model. 
 
This can be illustrated briefly by ratcheting behavior in 

Fig. 10, and is compatible with the behavior predicted in [26] 
and [27].  
 

V. CONCLUSIONS  
Presented approach is studied on the beam element which 

shows a reasonable outcome with acceptable deviations 
during loading and unloading. In addition, the present 
findings seem to be consistent with other research on beam 
elements with other numerical methods such as successive 
approximations. The employed finite element method allows 
stiffness matrix to be subject to change due to the movement 
and changes in the yield surface per loading increment. As a 
consequence of implementing this matrix, it appears that 
elastic-plastic behavior of beam elements is properly 
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represented under thermal and mechanical loadings.  
Proposed method results are compared with the result of 

successive approximations method and experimental results 
and were shown to be similar for the classical theory. The 
presented finite element method offers a practical modeling 
of beams behavior under cyclic loading for both hypotheses 
of Ziegler-Prager and Armstrong-Frederick. It is concluded 
that the Ziegler-Prager model predicts reverse plasticity for 
this type of beams under cyclic flexural loading in both cases 
of deformation and load controlled in symmetric and 
asymmetric loadings whereas, the same variable stiffness 
matrix technique in case of non-symmetric loading predicts a 
ratcheting behavior for the Armstrong-Frederick model.  

Another important practical implication is that in cases of 
materials with anisotropic tension/compression curves, the 
finite element method predicts ratcheting behavior for 
Ziegler-Prager model. Moreover, dimensionless substitutes 
of stress and strain tensors are employed for fast convergence 
and reducing order of stress-strain and back stress values. 
The results show agreement with those predicted in [18], 
[20], [25], [26], and [30] for mechanical loadings. 

Further experimental investigations are needed to estimate 
responses of higher order beams to the Ziegler-Prager and 
Armstrong-Frederick models and establish a correlation 
between finite yield surface movements for this type of 
elements which are under study by the authors.  
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