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Nonlinear Super Integrable Couplings of Super C-KdV
Hierarchy

Si-Xing Tao

Abstract—Enlargement of Lie super algebra B(0,1) was given
firstly. Then nonlinear super integrable couplings of the super
C-KdV hierarchy based upon this enlarged matrix Lie super
algebra were constructed secondly. And its super Hamiltonian
structures were established by using super trace identity
thirdly. As its reduction, special integrable couplings of the
C-KdV hierarchy were obtained finally.

Index Terms—L.ie super algebra, super integrable couplings,
super C-KdV hierarchy, super Hamiltonian structures.

I. INTRODUCTION

With the development of soliton theory, super integrable
systems associated with Lie super algebra have aroused
growing attentions by many mathematicians and physicists.
It was known that super integrable systems contained the odd
variables, which would provide more prolific fields for
mathematical researchers and physical ones. Several super
integrable systems including super AKNS hierarchy, super
KdV hierarchy, super C-KdV hierarchy and super classical
Boussinseq hierarchy, etc., have been studied[1]-[4]. There
are some interesting results on the super integrable systems,
such as Darboux transformation [5], super Hamiltonian
structures[6], [7], binary nonlinearization[8] and reciprocal
transformation[9] and so on.

The research of integrable couplings of the well known
integrable hierarchy has been received considerable
attentions[10]-[15]. A few approaches to construct linear
integrable couplings of the classical soliton equation are
presented by permutation, enlarging spectral problem, using
matrix Lie algebra constructing new loop Lie algebra [16]
and creating semi-direct sums of Lie algebra. Recently, Ma
and Zhu [17], [18] presented a scheme for constructing
nonlinear continuous and discrete integrable couplings using
the block type matrix algebra. However, there is one
interesting question for us is how to generate nonlinear super
integrable couplings for the super integrable hierarchy.

In this paper, we hope to construct nonlinear super
integrable couplings of the super soliton equations through
enlarging matrix Lie super algebra. We take the Lie algebra
B(0,1) as an example to illustrate the approach for extending
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Lie super algebras. Based on the enlarged Lie super algebra
gl(6,2), we work out nonlinear super integrable Hamiltonian
couplings of the super C-KdV hierarchy. Finally, we will
reduce the nonlinear super C-KdV integrable Hamiltonian
couplings to some special cases.

Il. ENLARGEMENT OF LIE SUPER ALGEBRA
Consider the Lie super algebra B(0,1). Its basis is

100 010 000
E1=[0 1 OJ,EZ:{O 0 0},@:{1 0 o], 1)
0 0 0 000 000
00 1 000
{0 ; o},Eﬁ_{o ; ]
0 10 100

where E,, E,, E, are even element and E, E; are odd
elements. Their non-zero (anti) commutation relations are
[E..E]=2E, [E,E]=-2E;[E,E,]=E,
[El' Es] = —E5.[E2. E3] = El'[EZ’ Es] = E4’
[E;.E,]=E, [E, E,]=-2E,,[E,.E.]]=E,
[ES’ E5] = 2E3

O]

Let us enlarge the Lie super algebra B(0,1) to the Lie super
algebra gl(6,2) with a basis
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where €,€,,€,,€,,€;,€;are even, and €, €, are odd.
The generator of Lie super algebra gl(6,2), e (1<i<8)
satisfy the following (anti) commutation relations:
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[evez] = 262,[61,63] = —263,[61,65] = 265,[61,66] = —266,[61, 67] =€,
[e11ea] = —68,[62,93] = el’[eZ’eA] = _265'[62fe6] = 64,[62,6‘8] =€,
[e;.6,1=2¢e;,[e5, 6] =&, [e5, ;] =5, [e, €] = 265, [e, €] = 2, 4
[es. e ]=e,.[e,. 6, 1=26-2¢,,[6;, ;] =€, — &, [, €] = 2¢; — 2¢,
[81164] = [62,65] = [62,67] = [e3!ee] = [63168] = [94167] = [64’68] =
[65,67] = [eslea] = [ee’ 67] = [eslea] =0.

Define a loop super algebra corresponding to the Lie super
algebra gl(6,2), denote by

01(6,2) = 91(6,2) ®C[4, 4]

. ®)
={e/" e €0l(6,2),i=18m=0+L42,-}.

The corresponding (anti)commutative relations are given
as

[eA" e, A"]=[e,e; 11", Ve, e, €0l(6,2) (6)

I1l. NONLINEAR SUPER INTEGRABLE COUPLINGS OF SUPER
C-KDV HIERARCHY

Let us start from an enlarged spectral problem associated
with gl(6,2),
¢ =U(u, )4,
U =-7&(0)+320e(0)-re,(0)+e,(0)

+U;6,(0) +u,85(0) + e, (0) + S, (0) )
-ii+1q  -r U, u, o
1 %i_%q 0 —U B
= 0 0 —3A+30+y  -r+u, 0|
0 0 1 ii-iq-u, 0
) -a -p a 0

where @, T,U,, U, are even potentials, but ¢, /5 are odd ones.

In order to obtain super integrable couplings of super
integrable hierarchy, we first solve the adjoint representation
of (2),

V. =[U,V] 8
with
V = Ae,(0) + Be,(0) +Ce, (0) + Ee, (0) + Fe; (0) +  (9)

Ge,(0) + &, (0) +5¢,(0)
A B E F P
C -A G -E 4
=0 0 A+E B+F 0]
0 0 C+G -A-E O
o —-p -0 P 0

where A B,C,E,F and G are commuting fields, and
p, 0 are anticommuting fields.
Substituting

A=Y AA"B=>BA"C=>CA"E=>EA",

m>0 m>0 m>0 m>0

F=YFRA"G=Y0GA"p=Y p,A"s=0,2".(10)

m=0 m=0 m=0 m=0
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into above equation gives the following recursive formulas

A,,=-B,-1C,+fp, +ad,,

By =2rA, —B,, + fB, —2ap,,

Cox =2A,+C, —0C, +2555,,

E,x=U,C, —F,-rG, +U,G, - Bp, - ad,,

Fox=—2U,A +2uB +2rE -2u,E -F  +qF +2uF +2ap,,
G,,=-2uC, +2E +G_, -qG,-2uG, -2/,

Py =R, = BBy =3 P + 300 ~ Ty,

5m‘x :ﬂAn _O‘Cm *Pn +%5m+1_%q5m'

11)

From these equations, we can successively deduce
A =%B,=C,=F,=G,=p,=5,=0,E, =1¢ =const,
A=0B=rC=-1E=0F=-u,+er-eu,,G, =-¢,
p=—a,0,=—p,A =r-20f,B,=-r1,+0r,C, =—q,
E, =-U,—e¢U, +&r + 2af,F, = u,, + sU,, — sl +2ru,
+&qr —qu, —&qu, — 2u,U, — 2eU,U, + 2¢ru,, G, = -2U,
—2eU,—¢q,p, =2a,—Qa, 0, =25, -8, A, =-TI, +
2qr +4a, B—-4ap, —4qapB,B, =1, —q,r —2qr, +2r° +
q’r—4raf—4aa,,C,=-q, —-2r-q° +4af+48,,
E, =-2qu, —2&qu, + 2&qr +4ru, + 4eru, — er, —4u,u,
—4deu,u, +U,, + U, —4a, f+4ap, +4qap,F, = (e +1)-
(4ruf —4ulu, +q,u, +2qu,, +2u, U, +4u,u, —4ru, —
2ru,, +2u? —u,, —q°u, +4qru, —4qu,u, — 4ru,) + 4rapf
G, =-2u,, -
2eU,, —£Q, +2U, + 2eU, — 2T —4af — 4qu, — 4equ, — £q°

2%x

+haa, +£q°r —2&qr, —£q, 1 +2er’ + e,

XX

—4u? —deu! - 4B, p, = —4a, +2q,a+4qa, —2ra +2r
_q2a+4rﬂx153 = _4ﬂxx _2qxﬂ_4qﬂx _Zrﬂ_4ax _qzﬂ'

Equations (11) can be written as

2AT1+1 + Em+1 2Aﬂ+1 + Em+1
_2Cm+1 - Gm+1 _2Cm - Gm
2A L +2E, || 2A,+2E, 12)
Cm+1 + Gm+1 Cm + Gm ,
25m+1 2é‘m
_zpm+l _zpm
where
-0+07'90 r+0'r0  -0uP U, +07'u,0 ia+d7ad -1p+07 R0
2 0+q 0 -2, g 0
R T 0 0
1o 0 -1 L., 0 0
-4p 4o 2p 4o 20+q 2
4o 4450 4 “20+2p0 arf 2r-2af -20+q

L, =—0+07q0+207'u,d, L, =-2r +2u, — 20719+ 207u,0, (13)
L, =0+2u,+q.

Then, let us consider the spectral problem (7) with the
following auxiliary probelm
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¢, =V (1)
with
A B F Fooop
i ¢, -A G -E, 4
V(H)ZZ 0 0 Aj+Ej Bj+Fj 0 nij+%Cn+1el(0)+%Gn+164(0)’
"o 0 C+G, -A-E 0
6 -p; I P 0

(15)
From the compatible condition @, , =g, , according to
(7) and (14), we get the zero equation

R (VAR B0 (16)
which gives a nonlinear Lax super integrable hierarchy
q Cn+1,x
r Bn+1 + rCn+l
u 1G
utn — 1 — 2 ~n+lx (17)
U, uzcn+1 - Fn+l - an+1 + u2Gn+1
a %acml _%pml
ﬂ t _%ﬂcnﬂ +%5n+l

n

The super integrable hierarchy (17) is a nonlinear super
integrable couplings for the super C-KdV hierarchy

q Cn+1,x
~ r B . .+rC
Utn — — . n+1 1n+l (18)
(24 EaCnJrl —% Pt
1 1
ﬂ t, _Eﬁcnﬂ +§5n+l
IV. SUPER HAMILTONIAN STRUCTURES
A direct calculation reads
Str(U,,V)=-2A-E,Str(U, V) =2A+E,Str(U, V) =-2C -G,
Str(U,, V) =2A+2E,Str(U, V) =C+G,Str(U,.V) =26, (19)
StrU,,V)=-2p.

Substituting above results into the super trace identity[6,7]

9 Str (QV J dx=A1"7" 9 A7Str (QVJ (20)
o oA ou

ou
yields that
2A+E
-2C-G
2A+2E
9 [(-2A-E)dx=2" 9 | At (21)
ou oA C+G
26

Comparing the coefficients of A" on both side of (21)
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2A +E,
-2C, -G,
O l2n,-E, k= L PR g @2)
ou oA C,+G,
20,
_an

From the initial values in (11), we obtain , =0. Thus we
have

2A +E,
—2C, -G,
OH, _| 2A+2E, | =J2A‘+1+E”+1dx,n20 (23)
Su C,+G, " n+1
25,
-2p,

It then follows that the nonlinear super integrable
couplings (12) possess the following super Hamiltonian form

SH
u =K (u)=J—=" (24)
L =K, W) 5
where
0 -0 0 -0 0 0
0 0 0 0 ia -ip
;|0 20 0 2 0 0 (25)
|- 0 & 0 ‘la -1ip
0 -3 0 —-ia 0 &
0 i 0 ip 1 0

is a super Hamiltonian operator and H_ (n>0) are
Hamiltonian functions.

V. REDUCTIONS
Taking o = 8 =0, the hierarchy (24) reduces to a nonlinear
integrable couplings of the C-KdV hirerarchy.
When n=2 in (24), we obtain the nonlinear super

integrable couplings of the second order super C-KdV
equatiaons

qt2 =—0u— 2rx _zqqx +4axﬂ+4aﬁx + 4ﬂ X!

h, =Ty~ 2q,r -2qr, —4aa, +4rp,,

Uy, = (e +D)(-uy, —29,u;, —2qu,, —4u,u,, +U,,
_%qxx I _qqx)+%qxx +1,+q0, _zaxﬂ
- zaﬂx - zﬂﬂxx'

Uy, = (e+1)(-29,u, +4ru,, —4u,,u, —4uu,, —

(26)

2qu,, +4ru, +u,, +2qr, +20,r —r,)+
r, —20,r —2qr, —4aa, +4r B,
a, =2a, -30,a-29a, -1, -2rB +2app,,
ﬂtz = _Zﬂxx _zax _%qxﬂ_zqﬂx'
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Especially, taking o= =0in (26), we can obtain the
nonlinear integrable couplings of the second order C-KdV

equation
th = _qxx - 2rx - zqqx'
L, =Ty —-20q,r-2qr,,

U, = (€ +D)(-Uy,, —20,U;, —2qu,, —4U,U;, +U,,

~1q,-1,-0q,)+3q, +1,+qq,, @7
Uy, = (e +1)(-2q,u, +4ru,, —4u,u, —4uu, —
2qu,, +4ru, +u,, +2qr, +20,r —r,) +
r, —20,r —2qr,.
Let £=0in (26), we have
0, =~ — 21, — 290, +4a, B +4ap, +45p,,,
N, =l — 2q,r - 2qr, —4aa, +4r BB,
Uy, ==y — 2q,U, —2qu,, —4uu,, +U,,
—2a, 3 =20, =25, (28)

U, = -2q,u, +4ru,, —4u, u, —4uu,, —

2qu,, +4ru, +u,,, —4aa, +4rpp,,
a, =2a, -3q,a-2qa, —r,f-2rB +2app,,
B, =—2By 20, -30,8-20p,.

If setting &€ =—L,u, =—30,U, = in (26), we obtain
the second order super C-KdV equations
0, = Oy — 2r,—2qq, +4a, f+4ap, + 48P,
h, =Ty~ 2q,r —2qr, —4aa, +4r BB,

o, = Zaxx _% K& _anx - rxﬂ_zrﬂx + zaﬂﬂx’
ﬂz :_zﬂxx _zax _%qxﬁ_zqﬁx'

(29)

V1.

In this paper, we introduced an approach for constructing
nonlinear integrable couplings of super integrable hierarchy.
Zhang [19] once employed two kinds of explicit Lie algebra
F and G to obtain the nonlinear integrable couplings of
the GJ hierarchy and Yang hierarchy, respectively. It is easy
to see that Lie algebra F given in [19] is isomorphic to the
Lie algebra span {e,,e,,e,,e,,€;,€,} in gl(6,2). So we can

CONCLUSION

obtain nonlinear integrable couplings of super GJ and Yang
hierarchy easily. The method in this paper can be applied to
other super integrable systems for constructing their super
integrable couplings.
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