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Finite Difference-Based Suboptimal Trajectory Planning
of Biped Robot with Continuous Dynamic Response

Hayder F. N. Al-Shuka, Burkhard J. Corves, Bram Vanderborght, and Wen-Hong Zhu

Abstract—One of the clear problems encountered in the
dynamic response of the biped robot is the discontinuity of the
actuating torques/ground reaction forces at the transition
instances during transferring form single support phase to
double support phase and vice versa. Therefore, this paper
suggests the linear transition function used in the biomechanics
field for estimating the ground reaction forces during the
double support phase such that gradual increase/decrease of the
ground reaction forces can occur. The closure loop of the biped
robot at the transition instances during DSP can be broken
using the mentioned strategy. Consequently, the continuous
dynamic response can be achieved. Two cases are simulated
using the optimal control theory. The inverse dynamics-based
optimization is preferred as a direct suboptimal tool because it
can show less computation and easinessthan other optimal
control approaches. Due to easiness of the finite difference
approach, it is used for discretization of the dynamic equations
and the imposed constraints to convert the dynamic optimal
control problem into parameter optimization. The simulated
case 1 have been used repeatedly in the literature, whereas the
case 2 adopts the linear transition function of the ground
reaction forces keeping the same generalized coordinates of the
biped configuration at the transition instances. The results
show the superiority of the suggested method to guarantee
continuous actuating torques/ground reaction forces at the
transition instances.

Index Terms—Biped robot, finite difference, optimization,
suboptimal control.

. INTRODUCTION

One of the important issues of the biped locomotion is the
generation of the desired paths that ensure stability and avoid
collision with obstacles [1]. Numerous approaches have been
used to generate the motion of the biped robot as detailed in
[2]. However, there are two efficient methods used for this
purpose: center of gravity (COG)-based gait and the
optimization-based gait. The former deals with a simplified
model assuming all the masses of the biped robot are
concentrated in the COG of the biped and there is pushing
force at the ankle support foot without ankle torque applied
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[3]. This method can guarantee the stability of the biped robot
provided that full correction for the deviation of the
zero-moment point is performed. However, it does not deal
with the minimum energy, optimal design, and the different
kinematic and dynamic constraints of the biped robot. The
latter can be dealt successfully by the optimal control theory
[4]. In general, the optimal control can be classified as:
dynamic programming, indirect methods and direct methods
as shown in Fig. 1. For details on advantages and
disadvantages of the referred methods we refer to [5].

Optimal control

v . v v

Dynamu.: Indirect method Direct methods
programming

k4 A4

Forward dynamics approach Inverse dynamics approach

2 ) v
Direct Shooting Collocation
T ¥
Spline, or polynomial or
Fourier series based
approximation

Y
Finite difference
approach

\ 4 A 4
Single step Multiple step

Fig. 1. The classification of the optimal control methods.

The direct methods of the optimal control are flexible
methods  which include transcribing the infinite
dimensionproblem into  finite-dimensional  nonlinear
programming (static or parameter optimization). This can be
implemented by discretization of the controls and/or the
states, depending on the selected discretization approach, and
solving the problem using one of the nonlinear programming
algorithms such as sequential quadratic programming (SQP),
interior points, genetic algorithm (GA) etc. Although its ease
and robustness, this method <can only give
suboptimal/approximate solution [6]-[9]. One of the
preferred methods of the direct approaches is the inverse
dynamics- based optimization which has three distinctive
features: (a) it does not need the inverse mass matrix, (b) only
the states of the target system are discretized, and (c)the
ability to convert the original optimal control into algebraic
equations which are easy to deal with. Thus, this method can
show less computation than other optimal control
approaches. The discritization task can be performed using
either the polynomials (splines) or the finite difference
approach. Due to easiness of the latter, it is used for
discretization of the dynamic equations and the imposed
constraints to convert the dynamic optimal control problem
into parameter optimization.

One of the problems encountered in the analysis of the
trajectory planning and control of the biped robot is the
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discontinuity of the actuating torques/ground reaction forces
at the transition instances (from single support phase SSP to
double support phase DSP and vice versa, briefly,
SSP/DSP/SSP). This problem occurs due to the varying
configuration of the biped robot from open chain mechanism
to closed chain mechanism and vice versa. Via investigating
the literature [10]-[14], this problem can still exist despite of
the assumption of equal states (angular displacement,
velocity and acceleration) at the transition instances.
Therefore, this paper focuses on the solution of the
discontinuity of the actuating torques/ground reaction forces
guaranteeing continuous states and using the suboptimal
trajectory planning.

The structure of the paper is as follows. Problem statement
is introduced in Section Il. Section Il investigates the
methods and materials used. While Section IV shows the
simulation results and discussions. The conclusion is
considered in Section V.

Il. PROBLEM STATEMENT

The complete gait cycle of human walking consists of two
main successive phases: the single support phase (SSP) and
the double support phase (DSP) with intermediate sub-phases
[15]-[17]. The DSP arises when both feet contact the ground
resulting in a closed chain mechanism. While the SSP starts
when the rear foot is not supported by the ground with front
foot flat on the ground. One should note that the percentage
of the DSP is about 20% during one stride of the gait cycle,
while the SSP is about 80%[17], [18]. Because of the
shortness of this phase, the forward velocity of the COG
could be high. In additions the biped robot behaves as closed
chain mechanism (over-actuated mechanism) during DSP
with infinity combinations of actuating torques/ground
reaction forces. There are miscellaneous walking patterns,
however we propose the walking pattern referred by Fig. 2¢
because it has a simple configuration during the DSP. In this
walking pattern, the DSP consists of rotation of the front foot
about the heel until it will be flat on the ground, while the rare
foot rotates about its tip until it will toe off. The following
dynamic analysis is used by the literature [10]-[13].

During the SSP, the biped robot behaves as an open-chain
mechanism, therefore, the governed Lagrangian dynamic
equation can be written as

MGg+Cq+g=A4t,q=1q...qz;] (1)
where M € R"¢*"4is the mass robot matrix, n, denotes the
number of the generalized coordinates which is equal to the
degrees of freedom DOFs (n, =n=n, =6),nandn,
represent the number of DOFs and the number of actuators
respectively, q,q and § € R™ are the absolute angular
displacement, velocity and acceleration of the robot links,
C € R"a*™a represents the Coriolis and centripetal robot
matrix, g € R" is the gravity vector, A € R"*" is a
mapping matrix derived by the principle of the virtual work
[19], [20], and T € R"* is the actuating torque vector.

During DSP, the configuration of the biped mechanism
changes, therefore, the constrained Lagrangian dynamic
equation during this phase is
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Fig. 2. Biped robot structure.
(@) =0 @)

where @(.)represents the constraint equation,n, = 7,n =
5andn, = 6 with the same notations mentioned earlier.
] € R¥*™arepresents the jacobian matrix resulting from the
constrained motion of the biped robot, and A € R?is the
constrained force vector, i.e. the reaction forces of the left
foot.

During this phase, the biped robot undergoes
over-actuation because its DOFs reduce to 5 DOFs (3 DOFs
for hip and 2 DOFs for the two feet). Consequently, there are
two redundant actuating torques. As noted, the number of
generalized coordinates n, of the biped changes from 6 to 7
and consequently the mapping matrix of the actuating torques
changes also. The well-known solution of the over-actuated
dynamic equation of the DSP is as follows

Mi+cq+g=1a J'1[}] (4)

One of the feasible solutions can be found using the
Pseudo-inverse matrix as described in (5).

Fla i+ ca+g) )
where [ ]*refers to the Pseudo-inverse of the target matrix.

The following points should be noted:

1) This method cannot guarantee the smooth transition and
continuities of the actuating torques/ground reaction
forces at the transition instances (SSP/DSP/SSP) as we
will see in later sections.

2) From equation (2), it is noted even though the

assumption of equal states at the transition instances, the
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discontinuity can occur because the structure of the
mapping matrix changes during this phase.

3) It is known that the optimization tool can implement
what the analyst provides with the required constraints.
Consequently, (3) needs other constraints as follows.

Jg=0
Ja+Jg=0 (6)
However, these constraints can result in infeasible
solutions. Therefore, the literature has used (3) only. As a
result, application of the dynamic equation (2) during DSP
from the left foot and go around the tip of the other foot may
not give the same results if we apply the dynamic equation

from the opposite side. Consequently, the most deviation of
the discontinuity can result in at the end of DSP.

Il. METHODS

This section will describe two selected case used for
dealing with (2). Moreover, the dynamic modeling, the
constraints and the optimal trajectory planning of 7-link
biped robot during complete gait cycle will be introduced.

A. Dynamic Modeling
1) Casel

This is the exactly same case presented in the previous
section and has been used in the literature. We simulated this
case for comparative purposes. The dynamic equations
during the SSP and the DSP can be described through (1)-(5).

2) Case?

Since the biped robot does not have a unique solution
during the DSP, we assume a linear transition function for the
ground reaction forces of the front foot as follows [21]-[24].

t—tg

1= () meey (it +10, 1) )

tg—ts

where 7.5 = [Xcoq ycog]T , ts, ty denote the time of the
SSP and DSP respectively, m.,, is the mass of the center of
gravity and 7, represents the acceleration of the biped
COG. Whereas the rare foot has the following ground
reaction forces

f= Meog (i:cog + [O' g]) -1 (8)
Thus, the actuating torques can be found as follows.

Gl wmg+ca+g-"0 @

In effect, at the initial time of DSP, we can note, according
to (7),A = 0. Therefore, the closed chain mechanism is
broken and (1) can be used successfully with the same
generalized coordinates used in SSP. At the end of the DSP,
the ground reaction forces at the front foot can take the full
value of the inertial COG forces, i.e. the linear transition
function is equal to 1, and according to (8), f =0. As a
result there is no need to use the closed chain equation at the
end conditions of the DSP. The continuity conditions of the
actuating torques/ground reaction forces can be explicitly
satisfied.

B. Kinematic and Dynamic Constraints

DuringSSP t, < t < t,, where t,is the initial time.
Initial configuration of the swing leg:

Xs4(to) + Lstep =0,y54(t) =0

X54(t0) = 0 ,y54(60) =0 (10)

Final configuration of the swing leg:

xsp(ts) — Lstep =0,y55(t;) =0
XSB (ts) =0 'ysB (ts) =0 (11)
where all the notations are shown in Fig.1.
Hip motion:

xhip (to) =-1.4 (12)
Xnip (ts) = 1.4 (13)
yhip (tO) = yhip (ts) = 0.8881 (14)
Xpip (£) >0 (15)
hmin < yhip (t) (16)

In effect, (12)-(14) are optional for guaranteeing natural
motion. It is assumed that the hip of the biped robot can move
with displacement of 0.7 X L., during the SSP and
0.3 X Ly, during the DSP. Where Ly, represents the
length of walking step which is taken as 0.4 [m]. This
assumption coincides approximately with the natural motion
of human gait.

Swing foot motion:

0< Vsa (t)

0 < yp(0) 17

Relative displacement of the knee joints and swing ankle:
59 < q5(t) — q2(t) < 90°
59 < gs(t) — qe(t) < 90°

90° < q;(t) — gq¢(t) < 270°

ZMP-constraint:

In general, there are two concepts used in the literature as
follows:

Concept.1: This is commonly used in the field of biped
robot which states that the location of reaction force is equal
to the ZMP as long as the biped mechanism is stable, as
shown in Fig. 2b , therefore;

7y () + E,(O)xzyp (t) —mygdy =0

(18)

xzup (t) = (Mygdy — 71())/E, (t) 19)
Thus, the necessary associated constraint is
=2 + 1) S xzup(6) <0 (20)

where d; = 01¢; , lpy = 0,4 and I, = 0,B

In addition, the following constraints of the ground
reaction forces should be satisfied
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—F,(t) <0
—F, —uE,(t) <0
F, = uFy () <0 (21)

Concept.2: [25], [26]. It is assumed that the ground
reaction forces can be equivalently represented by two
normal forces F,,,F,; applied at end points A and B of the
foot, with a horizontal force acting in the sole, as shown in
Fig. 2b (ii). Thus, the conditions that should be satisfied are

- yA(t) <0
- yB(t) <0

—E(t) = u(Fya (©) + Fp () <0

B~ u(Fa@®+Fp®) <0  (22)
Bounded constraints
Qmin < q(t) < Qmax
C‘Imin < q(t) < Qmax (23)

During DSP (t, <t <ty )
¢(@) =0

The same equation as (21) for the rare and front feet.

iy (£) > 0.

The same equations as (18) and (23).

Remark:We do not impose constraints on the stability
criterion during this dynamically stable phase (DSP).
However, the ZMP can be obtained from the center of the
pressure for the contact feet as follows [27]:

fyf
fyf +fyr

+ cop, i (24)

cop = copy Tor i
where cop, coprandcop,represent the center of pressure for
the biped robot during DSP, the front foot cop and the rare
foot cop respectively, f,r and f,, are the normal component
of the ground reaction forces for the front and rear foot
respectively.

C. Finite Difference-Based Parameter Optimization

With the finite-difference approach, the angular
displacements of the dynamic system are segmented,
whereas the angular velocities and accelerations of the
dynamic system can be approximated as follows.

q(te) = (q(tes1) — q(tx-1))/2.0t,k = 0,..,N (25)

G(te) = (q(trs1) — 2q(ty) + q(te—1))/At* ,k=0,..,N
(26)

where N represents the number of segments (intervals). For
detail we refer to [28], [29]. The formulations of the finite
difference-based optimization will be described separately
for SSP and DSP for better comprehension.

During SSP

Determin:Y = [q(ty), ..., q(tw, ), 4(to), 4 (tw, )] (27)
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Minimize:
] = fttos tTrdt = Y, . At (28)
Subject to:

M(q(t)d(t) + C(at), a(6))a) + g(a(t)) =
At(t,) , k=0,..,N; (29)

Moreover, the Kkinematic and dynamic constraints
(10)-(23) can be written in general form as follows:

a;(q(t), t(ty), tp) <0

a,(q(to), T(to), to) = 0 (30)
bi(q(tn, ) t(tn,) ty,) <0
bz(q(tNl)’T(tNl)’ tN1) =0 31)

c1(q(t), T(te), ty) <0,

@), ), t) =0,  k=0,..,N (32)
@ < q(t) < qu, k=0,..,N; (33)

where N; denotes the number of segments used for
discritezation of SSP,c, and L are scalar functions of the
indicated arguments, J is a scalar performance index, a;and
a,are the initial constraints, b;and b,are the final constraints,
ciand c,are the path constrains and (33) refers to the bound
constraints of the input control and the states.

During DSP

For the simulated cases 1 and 2, the formulations of the
finite difference-based optimization can be described as
follows:

k = 0,...,N1

Determine:
Y = [q(t1), ..., q(t,)] (34)

Minimize:
J =[G T+ ATA)dt = T2 . At +
Vo I 0 Q. At (35)

Subject to:

M(q(t)id(t) + C(a(t), a(t))a) + g(a(t)) =
At(t) +JE)TAR), k=1,. (36)

In addition to the constraints denoted (30)-(33).

IV. SIMULATION RESULTS AND DISCUSSIONS

Seven-link biped robot was investigated for simulation
purpose. The physical parameters of the biped structure are
shown in TABLE I. It is assumed that the time of the walking
step (Tseep ) is equal to 0.625 (s). The time of the SSP and
DSP can be calculated as 0.8 X T, and 0.2 X T,
respectively. Consequently, the velocity of the walking step
is equal to 0.64 (m/s). The finite difference approach was
used to discretize the angular displacement of the biped and
to transcribe the dynamic optimization problem into static
optimization. The number of divisions used for SSP was 10.
We tried to increase the number of divisions; however, the
same results were obtained. Due to the small time of DSP, 6
divisions were used for discretization of the angular
displacement. Increasing the number of divisions during this
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short phase could result in infeasible solution. Then, after 600 ‘
discretization and formulating the imposed constraints,

tau3 The discontinuity at
taud the first transition

fmincon MATLAB routine was used successfully for solution

of the parameter optimization. 200 taus s

Two simulated cases were investigated for dealing with the

continuity of the actuator torques /ground reaction forces of
the biped at the transition instances. As expected, using the

4
strategy referred by case 1, can lead to large discontinuity at The discontinuity at \

the transition instances which can be explained by the three
points referred by Section Il. The large discontinuity could

400 th it
400 the second-transition \

ssP DSP ssp

be obtained at the end of the DSP due to the third point

Input control torque of the biped joints (N.m)

mentioned in Section Il. The states of the biped robot are

known from the previous and next SSP; therefore, it cannot
. . - - .3 0.35 0.4 0.45 0.5 0.55 0.6 0.65
be imposed additional constraints on the actuating _ O Time(9)
torques/ground reaction forces at the transition instances. Fig. 3. Actuating joint torques at case 1.
Figures 3 and 4 show the actuating torques and the ground 4000 ‘

reaction forces during the three walking phases —— Fxeright foot

(SSP/DSP/SSP). It should be noted that the normal B lioe /

component of the ground reaction forces could be negative in 2000 — Fy-left foot /
sign at the transition instances, which is unrealistic, because

the actuating torques/reaction forces at the transition phases

are obtained from the known states at the end conditions.

\

Consequently, we cannot impose constraints on the reaction
forces or any constraints at the end conditions. In effect, it is

=-1000 Fy-lerttogt coula be ne_a(ive
whidh is unrealistig

Ground reaction forces (N)

Fy-right foot could be
-3000 egative which is unrealistic

possible to get continuous actuating torques/reaction forces if

we release the velocity and acceleration at the end conditions

of the DSP. So, constraints could be imposed on the actuating -4000

S‘FP DSP q‘SP

torques/reaction forces and the acceleration to be continuous

at the expense of discontinuous angular velocity. However, 3 035 04 M ey 06 065
we cannot get complete continuous states. Therefore, the Fig. 4. Ground reaction forces at case 1.

simulated case 2 could be better solution.

120 :

—taul /\
tau2

Using the linear transition function for the ground reaction

=
=]
=]

forces during DSP in the simulated case 2 can guarantee the

continuity of the actuating torques/ground reaction forces at oo /
80 taud

the transition instances due to the smooth gradual
increase/decrease of the ground reaction forces at the

— taus
—taué
60

front/rare feet. The objective function is better than case 1 as
referred such that it reduces from 110758.21(N2.m?.s) at

case 1 to 1695.2(N2.m?2.s) at case 2. Figs. 5-8 show the

actuating torques, ground reaction forces, cop and the stick
diagram for case 2. In effect, the same stick diagram can be

got during the two mentioned cases.
Remark:Form Fig. 5, the value of one of the ankle torque is

Input control torque of the biped joints (N.m)
>
I
—

above 100 (N. m) which is not preferred with regard to the Tos 02 s 03 03 g;;‘ne(s) 045 05 055 06 065

stability problem. This occurs because we do not impose Fig. 5. Actuating joint torques at case 2.
bounded constraints on the actuator torques.

Remark:We do not impose a constraint on the torso

configuration to be vertical because this can increase the 350

energy consumption and complicate the optimization 300
problem. Instead, bounded limits are used for the torso

~N ~N
=1 a
=] =]
— |

vertical configuration, which are easy to deal in fmincon

MATLAB routine.

— Fx-right foot

-
a
o
| —

Ground reaction forces (N)

TABLE I: THE PHYSICALPARAMETERS OF THE BIPED ROBOT —_ Fright oot
i L i=0c __m, I 100 et |
1 0.3 0.126 2.05 0.016 50
2 0.45 0.26 3.61 0.06 L
3 0.45 0.261 3.69 0.062 L —— L —
4 0.45 0.2 10.3 0.145 .50 |
5 0.45 0.189 3.66 0.06 045 02 025 03 035 04 045 05 055 06
Time (s)
673 06435 8333 ggg 88?? Fig. 6. Ground reaction forces at case 2.
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Center of pressure cop (m)
o

S .
= 9
[
—

-0.2

-0.25

0.15 0.2 0.25 03 0.35 0.4 0.45 0.5 0.55 0.6 0.65
Time(s)

Fig. 7. Center of pressure at case 2.

16

141 N

1.2

0.8

0.4r

= |
0.2 0.4 0.6 0.8

-0.8 0.6 0.4 0.2 0
Fig. 8. Stick diagram of the biped at case 1 and 2.

V. CONCLUSIONS

This paper deals with the problem of the discontinuous
actuating torques/reaction forces at the transition instances
using the linear shift function for the ground reaction forces
This strategy can guarantee the continuity of the actuating
torques/reaction forces and the states of the biped robot.

This study deals with steady gait cycle rather than
accelerating and decelerating cycles in which the biped robot
can move from rest and stop. Moreover, the effect of toe
and/or heel joints on the walking parameters, nature of
walking and the energy consumption are not considered.
Using the recursive Newton Euler formulation can improve
the computational complexity. Optimal control theory
combined with the recursive Newton Euler formulation is
necessary for complex robotic system such as biped robot.
Therefore, further study is needed to deal with the above
important points
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