International Journal of Modeling and Optimization, Vol. 3, No. 3, June 2013

Lambda-Statistical Limit Inferior and Limit Superior for
Sequences of Fuzzy Numbers

F. Berna Benli

Abstract— Aytar, Mammadov and Pehlivan have introduced
the concepts of statistical limit inferior and limit superior for
sequences of fuzzy numbers. In this paper, we define
lamda-statistical limit inferior and limit superior for sequences
of fuzzy numbers. Also we will discuss the relations among _
lambda-statistical limit inferior and limit superior for
sequences of fuzzy numbers

Index Terms—Fuzzy number, lambda-statistical limit

inferior, lambda-statistical limit superior.

|I. INTRODUCTION

The idea of statistical convergence of a sequence was
introduced by Steinhaus [1] and Fast [2]. Statistical
convergence was generalized by Buck [3].

Matloka [4] was defined bounded and convergent
sequences of fuzzy numbers, also showed that every
convergent sequence is bounded. Later, Nanda [5] studied the
spaces of bounded and convergent sequences of fuzzy
numbers and shoved that these are complete metric spaces.
Then, Nuray and Savas [6] have extended and also discussed
the concepts of statistically convergent and statistically
Cauchy sequences of fuzzy numbers. Lambda-statistically
Cauchy sequences of fuzzy numbers have been introduced by
Tuncer and Benli [7]. Also, Tuncer and Benli [8] have
defined lambda-statistical limit and lambda-statistical cluster
points of a sequence of fuzzy numbers and the concepts of
lambda-statistically monotonic and lambda-statistically
bounded sequences of fuzzy numbers have been given in [9].

Recently, sup and inf notions have been given only for
bounded sets of fuzzy numbers ([10] and [11] ). Then in [12]
Aytar, Mamedov and Pehlivan have introduced the concepts
of statistical limit inferior and limit superior for statistically
bounded sequences of fuzzy numbers.

In this paper we will define lamda-statistical limit inferior
and limit superior for sequences of fuzzy numbers, then we
will prove that some results established for sequences of real
numbers [13] are also valid for sequences of fuzzy numbers.

Shortly, we recall some of the basic notations in the theory
of fuzzy numbers.

Let D denote the set of all closed bounded intervals

A=[A,K] on the real line R. For A,Be D define

A<B< A<B and A<B,
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d(AB)= max(|/_x—5|,‘ﬂ—§‘)

It is easy to see that d defines a metricon D and (d,D)

is a complete metric space. Also < is a partial orderin D .
A fuzzy number is a fuzzy subset of real line R which is
bounded, convex and normal. Let L(R) denote the set of all

fuzzy numbers which are upper semicontinuous and have
compact support. In other words, if X e L(R), then for any

ae[0]], X is compact, where

if ¢e(0,1],
if a=0.

ya {t: X(t)>a
t: X(t)>0

Define amap d :L(R)xL(R)—>R by

d(X,Y) = sup d (X% Y%).
ae[O,l]

It is known that ( [14] ) L(R) is a complete metric space
with the metric d.

For X,Y e L(R) define X<Y if and only if X*<Y*
forany a<[0]].

The fuzzy numbers X and Y are said to be incomparable

if neither X <Y nor Y < X . We use the notation X 7LY in

this case.

Forevery X,Y,Z eL(R), we say that Z is the sum of
X and Y, written Z =X +Y , if for every a<[0]1],
Z%=X"+Y% and Z"=X"+Y“.

Consider a fuzzy number uelL(R) Let
p=[u”, 1”1, a<f0]], be a - level sets of 4. Given a
positive number a > 0, we define the fuzzy numbers 1+ &,

and u—a, as follows [15]
(u+a)”=[u" u"1+[aal=[x" +a, u" +al,

(u—a))* =[u” 1" 1-[a,al=[p" ~a, u" ~al,

where

al(x)z{l’ X=a

0, otherwise.

Clearly p#+a, u—a; € L(R). In addition, we have

u—ayg <p<p+aand d (up+a)=d (upu—a)=a
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A sequence X =(X,) of fuzzy numbers is said to be
bounded if the set {X, :k e N} of fuzzy numbers is bounded.
=(X,) is said to be
convergent to the fuzzy number (X,) , written as

Definition 1.1. The sequence X

lim, X, = X, [6], if for every & >0 there exists a positive

integer n =n, (&) such that

d(X,, Xo)<e forevery k>ng.

If K is a subset of positive integers N, then K, denotes
the set {k eK:k <n}. The natural density of K is given by

K
S(K)=lim %, where |K| denotes the number of
n—oo

elements in K, . Clearly, finite subsets have zero natural
density and §(K®)=1-5(K) where, K°=N-K is the
If K; cK,, Then §(K;)<o(K,) (see
[16] ). For a sequence of real numbers x =(x, ), the notions

of statistical limit superior and limit inferior are defined as
follows [13];

complement of K .

supB,, B, #
st—limsupx = PBy X_¢
—o0, otherwise
inf A
st —liminf x = inf A, Axi_(/j
+o0, otherwise

where A, ={facR:5 ({k e N:x, <a}) =0 }and
=beR: 5 (fkeN:x >b})=0}

Definition 1.2. The sequence of fuzzy numbers X = (X, )
Xy if  the set

{k eN:a(Xk,XO)Zg} has natural density zero for every

is statistically convergent to

&> 0. We will use the notation st —lim X, = X, asin [6].

The sequence X = (X, )is said to be statistically bounded
from above if there exists a fuzzy number x ( called the
statistical upper bound) such that

5({keN:Xk>/¢}U{keN :xk%y})z

The statistical lower bound can be defined similarly.
If the sequence X =(X,) is both statistically bounded

from above and statistically bounded from below then it is
called statistically bounded [17].

Definition 1.3. ( [18] ) Let I, =[n—4,+Ln], 2=(,)
be a non-decreasing sequence of positive numbers tending to
00, Ay <A, +1, 4 =1and X =(X,) be a sequence of
fuzzy numbers. A sequence X =(X,) of fuzzy number is
said to be A -statistically convergent or sA -convergent to
fuzzy numbers X, , written as sA —lim X, = X, if for every
>0
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lim % \ {ket, :d (X, Xo)2e }\:o or

8, ( {kel,:d (X, Xo)ze } )=0

The sequence X =(X,) is said to be A -statistically

bounded from above if there exists a fuzzy number M (
called the A -statistical upper bound) such that

{kel S X, 7‘M})

The A -statistical lower bound can be defined similarly.
If the sequence X =(X, ) is both A -statistically bounded

from above and A -statistically bounded from below then it is
called A -statistically bounded [9].

5,1({keln:Xk>M

Il. LAMBDA STATISTICAL LIMIT INFERIOR AND LIMIT

SUPERIOR FOR SEQUENCES OF FuzzY NUMBERS

In this section, we introduce the concepts of
A -statistically limit superior and limit inferior for
A -statistically bounded sequences of fuzzy numbers. Given
asequence X = (X, ) let us define:

A ={MeL(R):|imi|{ke|n:xk<M |¢o}

" Ay

AQ_{MEL )Ilm—|{kel Xy > M| 1}
{MEL I|m—|{ke| Xy >M |¢0}

_Q:{MGL I|m—|{kel X <M |=1

The sets A and B are the sets of A -statistical lower

bound and A -statistical upper bounds, respectively.
Theorem 2.1. If the sequence X = (X, ) is A -statistically

bounded, then inf A =supgand supBs; =inf @

Proof. We will prove the first equality. Let m=inf Af(
and M =supA{ . By definition of A} and A} we have
M<W for Vi cAl and M>M for VM e A .

Forevery mMeA} and MeA{ , we have

Iimi|{ke I, : X, <mj|#0 and
n A,

lim %| ke, x> M}| =1. This means that
n
n
In other

8, ({kety:x, <min{kel,: X, >N })20

words , there is a number k 1, such that M <Xi<m .

Therefore,
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M <fi forall @eAl, MeA} 2.1)

From (2.1), it follows that M is a lower bound of the set
AQ .Then by definition of infimum we have M <m = inf A}

This inequality holds for all M EE . Then by definition of
supremum we have

M<m (2.2)

Now we show that the case M <m cannot be place.
To the contrary, assume that M <m. This means that
there is a number «<[01] such that M%<m®  or

M% <m?. For
The sake of definiteness we will consider the case

M®<m® (23)
and then we will show that this leads to a contradiction.

Denote b=m !M“ ). It is clear that b<a (b can be zero).

Moreover, for all ie(b,a] the inequality M*<m” holds.
Since the functions M(x) and m(x) are upper
semi-continuous then there exists a point (z,4) such that

Ze(M_“, m_“) B e(b,a) and

M%<z, m*>z forall ie[p,al (2.4)

Let us define the fuzzy numbers y; and y, as

0, x<X?° 0, x<z
Cxelxz ,XE[Z,XO)
nx=17 &) (0-1"
1, x=1 V2 =5
’ 1, x=X°
0, x>z —
0, x>Xx°

where the numbers
X% =sa—liminf X -1 and

X° =5 —lim supx_f +1arefinite. It is not difficult to observe
that

M 7L7/1a m7L7/2 (2-5)

This follows from
M? >si—liminf X/ >si—liminf X2 > X% =47,

M“<z:7_f‘ and m° < M“<z=_g, m_ﬂ>Z=7’_2ﬂ-

Now let us consider the sets

Q:{kelnzx_,f <z, forsome/le(ﬂ,a]}
C, ={ke Iy :X¢ >2, for some /Ie(ﬂ,a]}.

Clearly C,UC, =1, and therefore,

5,(C)+5,(Cy)>1 (2.6)

First we assume that &, (C,)>0. Taking in to account the

structure of the fuzzy number y, and the real number X°,
we can obtain that X, <y, for all vk e C, \ K, , where
Klz{ke I, :x_kﬂ>ﬁ,someze[o,1]} . It is clear that
5,(K;)=0, hence we have 5,(C,\K,)=5,(C,) . Thus,

Iim%|{keIn:Xk<y2}|25,1(Cl)>O . This means that
n

7, €A} and therefore, by definition of inf A} we obtain
that y, >m=inf A; . This contradicts (2.5) (that is
m = 7).

Hence, we have shown that &, (C,)=0.

Now from (2.6), it follows that &, (C,)=1. Taking into
account the structure of the fuzzy number y; and the real
number X° , we obtain that X, >y, for all
vk eC,\(C,UK,),
where K, :{ke Iy :Xié <X, some /le[o,ﬂ]}.

It is obvious that &,(K,)=0 , hence we conclude
5,(C,\(C,UK,))=1. This implies

.1
Ilrr;n/1—|{ke It X > |2 6, (C,\(CLUK,)) =1,
n
Which means that »; eA_Q. Thus y, <M :supg. This
contradicts (2.5) (that is, M 7 »,).

This completes the proof.
Definition 2.1. If X =(X,) is a A -statistically bounded

sequence of fuzzy numbers, then the A -statistical limit
inferior of X =(X, ) is given by si—liminf X =inf A} .
Also, the A -statistical limit superior of X =(X, ) is given
by sA—limsupX =sup Bj .
By Theorem 2. 1. we get sA—Iliminf X :supg and

sA—limsup X =inf @ A simple example will help to
illustrate the concepts just defined.
Theorem 2.2. Let X =(X,) be a A -statistically bounded

sequence of fuzzy numbers. If m=sA—liminf X then
lim i|{ke|n:xk<m—gl}| =0 (2.7
n /1n
and
Iim/li {kel,: X, <m+gl}U{ke X, T mtg }‘ %0
n

n

(2.8)
forevery £>0.

Proof. To the contrary, we asuume that there exists £>0

such that Iim%|{keln:xk<m—gl}|¢0. This means
n
n
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that m—g eAf
contradiction.

Now let us show that inequality (2.8) holds. Assume that it
is not true, that is, there exists &> 0 such that

Then we get m<m-g which is a

Iimi|{keln:xk <m+eg f| =0

" (2.9)
lim {keln:xk Fmae, }‘:o

n ﬂ'n

For each VkeN , only the following three cases are
possible:

X <m+g, Xgzm+g, X 7“m+gl.Then

{kel,: X <m+eU{kel,: X, 2m+gl}U{keln X T m+.91}=ln
Thus, from (2.9), we have

Iim%|{keln:xk2m+gl}|:l. This means that
n n

m+eg e AQ :
Hence we can write m+ & <sup A} =inf A{ =m.
This is a contradiction. So we get,

1
lim —
n n

{kel,:X, <m+gl}U{ke 1L X, T m+gl}‘ #0

Theorem 2.3. Let X =(X, ) be a A -statistically bounded
sequence of fuzzy numbers. If M =sA—limsup X then

|imi|{|<e|n:xk >M +g | =0
n

Iil;n%‘{keln:xk>M—51}U{kelnzxk7L M—gl}‘;to

(2.10)
forevery £>0.

This can be proved similarly as Theorem 2.2. In addition,
the converse of Theorem 2.3. does not hold in general.
Now we have the following assertion.

Theorem 2.4. For any A -statistically bounded sequence
of fuzzy numbers X =(X,),

sA—Ilim inf X <sA-limsupX.

Proof. We have sA-liminf X =supA; and

si—limsupX =supB{ . By definition of the sets Af and
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A

B , we see that A} < B3 . Hence we get sup A} <supB{

which completes the proof.
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